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PEEFACE. 



The present volume contains all that Professor Boole 
wrote for the purpose of enlarging his Treatise on Diflferential 
Equations. Had he lived to publish the second edition he 
would doubtless have incorporated his more recent investi- 
gations with the original work, aiid it is therefore necessary 
to explain why another plan has been adopted. 

In some cases Professor Boole had indicated that certain 
portions of the original work were to be omitted and their 
places supplied from the manuscripts; but on examination 
it appeared that in subsequent passages of the work there 
were references and allusions to the portions thus marked to 
be omitted which would not apply to the substituted matter. 
Thus in attempting to carry out the directions it would 
have been necessary to accept the responsibility of making 
many alterations, and consequently to incur the risk of fail- 
ing in the attempt to improve the original form. 

Moreover the Treatise had been for some time out of 
print, and the long delay which must have been caused by 
the labour of reconstruction would have produced serious 
inconvenience to students at Cambridge and elsewhere. Pro- 
fessor Boole himself was always especially anxious to consult 
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the advantage of students, and those who had the charge 
of his manuscripts were naturally inclined to adopt a course 
of which they belieyed-h?' would himself have approved. 

The design of reconstructing the Treatise was therefoj^ 
abandoned; and it was resolved that the original volume 
should be reprinted, and that the n^anuscripts should be 
collected and published separately. This plan has the ob- 
vious recommendation of enabling those who are already 
familiar with the original work to turn their attention 
readily to the new investigations. It will be seen that 
many of the Chapters of the present volume may be re- 
garded as independent essays or memoirs which lose nothing 
by being separated from the other volume; and indeed no 
indications had been left by Professor Boole of the place 
which such Chapters were to occupy in the enlarged edition. 

I have printed all the unpublished matter relating to 
Differential Equations which I found among Professor Boole's 
papers. In a few cases it will be seen that an investigation 
is incomplete; such investigations have however been in- 
cluded in the volume, because I was unwilling that anything 
should be lost which so great a mathematician had written 
on a subject he had long and carefully studied. 

I trust that no serious error will be found in the volume, 
and that any faults which may be detected will be excused 
on account of the nature and difficulty of the task that had 
to be performed. Many of the manuscripts had not been 
finally revised; some of them were very obscure and had 
to be carefully and laboriously copied for the press. In 
general the equations were not numbered, and thus only 
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blanks occurred in place of references; this circumstance 
often caused great trouble and perplexity: I hope however 
that a satisfactory result has been finally attained. 

I may state for the benefit of those who are conversant 
with the first edition of the original work that the theo- 
rem which in the present volume is cited as contained in 
Chap. II. Art. 1 will be found in Chap. IV. Art. 2 of 
the first edition: the change was made by the direction of 
Professor Boole's interleaved copy. It was judged conve- 
nient to number the Chapters in the present volume in con- 
tinuation of those in the original work. 

All additions of my own are enclosed within square 
brackets. The sheets have been read by the Eev. J. Sephton, 
Fellow of St John's College, as well as by myself, and the 
volume is much indebted to his care and accuracy. Obvious 
mistakes in the manuscripts were of course corrected; thus, 
for example, the table at the end of the volume was calcu- 
lated by Mr Sephton, because the table in the manuscript 
was rendered erroneous by the use of a wrong sign in a 
formula. 
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CHAPTER XIX. 



ADDITIONS TO CHAPTER II. 



1. [In Chapter ii. Art. 9, two methods are given for 
solving the differential equation 

(oa? + Jy + c) da? + (a'a? + J'y + c') cfy = 0.] 

But there exists another transformation by which the equa- 
tion may be reduced to, (because it may be constructed from), 
an equation in which the variables are separated. 

Assume as this equation 

(^y + c)(&'+ {A'x'+ cvy = o (1) 

and let x' =^x + m^y, y' =^ x + rngj/. 

It will be seen that in these equations united we have, as 
many constants as in the original equation. Now on substi- 
tuting in the assumed equation the values of x' and y', and 
comparing with the equation given, we deduce a system of 
relations equivalent to the following, viz.: 

The quantities wi^, w, are roots of the quadratic 

aw' — (J + a') w + J' = 0. 

« 

The quantities -4, A\ (7, C are determined by the system 
of equations 

A+A' = a, C+C*^c, 

Am^ + -4'm, = a , Cm^ + Cw, = c, 

B.D.E. II. 1 
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from which we find 



m^ — m^ ' 




a'n\ — a 


n' cwij - c 


m^ — m^ ' 


u — • 



Now (1) gives on dividing by {A'x' + C) {Ay + C) and 
integrating 

^ log {Ax' + C') + 3 log ( Jy + (7) = const., 

or {A'x' + C") ^' (^y' + C)^ = const., 

which on substitution and reduction gives 



1 



{[am, - a) [x + m^y) + cm, - c}""^!-^' ^ ^^^^^ 

{(aTw^ — a) (a; + m^y) + cm, — c'}«^-«' 

2. Under certain circumstances the general solutions of 
differential equations of the first order fail. This happens in 
the above example if m^ = m,, the solution then reducing to 

1 = const. 

The theory of the deduction of the true limiting form of 
the solution in such cases requires a distinct statement. 

Let the supposed general solution be represented by 

C being the arbitrary constant and u a function of x, y, and 
constants which are not arbitrary. Suppose too that when 
one of these constants k assumes a particular value /c, the 
function u reduces to a constant v. Then we have 

u — v__ O — v 

Now the second member being a function of an arbitrary 
constant is equivalent to an arbitrary constant and may be 
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replaced by C. The first member *is a vanishing fraction, the 

limiting value of which is f -^j, the brackets being used to 

denote that after the differentiation Jc is to be made equal to k. 
Hence the solution becomes 



Q-<^- 



In applying this theory to the reduction of the general 
solution (2) in the case in which m^ = m^, it must be 
observed that the numerator of the first member is the same 
function of m , x, y, as the denominator is of m,, a;, y ; or 
attending solely to their functional character with respect to 
m^, m^, we may affirm that the numerator is the same function 
of Wj as the denominator is of m . Representing these func- 
tions by <f>{m^), <f>{m^ respectively, we have 

But ?Wj, m^ being roots of a quadratic equation may be 
represented in the form . 

m^ = w -f* ^, Wj = m — A?, 
the roots becoming equal when Jc = 0. Hence 

^ (w — A;) * 

Therefore since 

d(f> (m + k) __^d(f>(m + k) d<f> [m — Ic) d^ {m — Ic) 

dk dm ' dk dm ' 

we have 

,.d4>{m + k) ,. j.d^(m-k) 

dk~ [*(»»- /k)}' 

1—2 
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therefore ^^j 



du\ ^ ' dm _ dm, 



G 
Thus the solution becomes on putting (7 for — , 

~hg<f>{m) = C, 

J 1 

3. [The next Article seems to have been intended to ap- 
pear in the enlarged form of Chap, ii.; but I cannot discover 
what precise position it would have occupied. I conjecture 
tliat " the above demonstration" refers to Uhap. Ii. Arts. 2, 3; 
and I have accordingly supplied a reference to equation (3) of 
Chap. II. 

I had myself drawn Professor Boole's attention to Chap. ii. 
Arts. 2, 3. The geometrical process of Chap. II. Art. 3, ap- 
pears to have been first given by D'Alembert in his Optts- 
cules, Vol. IV. p. 255. D'Alembert calls it a demonstration; it 
seems to me only an illustration^ at least in the brief form of 
the text : and tiiat such was Cauchy's opinion may perhaps 
be inferred from the elaborate investigation given by Moigno, 
to which Professor Boole refers in Art. 5 of the present 
Chapter. 

I had also drawn Professor Boole's attention to the state- 
ment at the end of Chap. ii. Art. 12, that only one arbitrary 
constant was involved. Accordingly Article 5 of the present 
Chapter developes this statement, and Article 4 seems intended 
to bear on the same subject.] 

4. In the above demonstration the relation between y and 
X is regarded as one of pure magnitude, and the interpreta- 
tion of the differential equation becomes a limiting case of 
that of the equation oi finite differences (Eq. (3), Chap. ii.). 
But if we represent x and y by the rectangular co-orainates 
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of a moving point on a plane the differential equation may be 
interpreted directly. For supposing it reduced to the form 



^=•^(^'2')' 



we see that the direction of motion is constantly assigned as 
a function of the co-ordinates of position. The entire motion 
is therefore determinate as soon as the initial point is fixed. 
The result of the motion is a line or curve wholly continuous 
or subject to irregularities according to the nature of the func- 
tion y(aj, y). That the arbitrariness of origin is geometri- 
cally equivalent to the appearance of a single arbitrary con- 
stant in the relation connecting x and y may be shewn thus. 

Let y = <^(«o»yo>^) 

be the relation between x and y indicated by the supposed 
motion, a?^, y„ being the initial point of departure. Then this 
point being on the line of motion, x^y y^ are particular values 
of X and y, so that we haVe from the above equation 

which establishes a relation between x^ and y^, and shews 
that there exists virtually but one arbitrary constant. 

5. It is proved in Art. 3, Chap, ii., that the constants 
^o> y©' initial values of the variables x^ y in the solution of 
the differential equation of the first order, are necessarily 
equivalent to one arbitrary constant. I shall shew from the 
form of the above solution that this a priori condition is 
actually satisfied. 

Developing the expression for y [see Eq. (30) of Chap, ii.] 
in ascending powers of a;, we have 

y = ^. + J,a; + ^+j^ + &c., (32) 

in which ■ A, = s- ^'fr; -^'V" "'"l"" , 

' 1.2... (» — r) 

the summation extending from n = r to n = oo . . Forming 
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hence the diiFerential coeflScIents of A^ with respect to x^ and 
y^^ and reducing by (28), we shall find 

whence in particular 

Eliminate between these equations ^^(ar^, y^^ and we have 

dA^ dA^ ^ dAj, dA^ _ 
dx^ dy^ dy^ dx^" ' 

• 

Therefore, by Prop, i., A^ is a function of A^y so that the 
solution reduced to the form (32) contains but the single 
arbitrary constant A^. 

It remains to notice that the solution must be applied 
only under the conditions of convergency, i.e. under the con- 
dition that the ratio of the rfi^ to the {n — 1)*^ term tends to a 
limit less than unity as n tends to infinity. For a discus- 
sion of the failing cases of this test see ' Finite Differences,' 
Chap. V. Generally it is desirable, in order to secure rapid 
convergency, to divide the interval x — x^ into separate equal 
portions, to each of which the general theorem of solution 
may be applied, li x — x^ be very small the theorem may 
be approximately represented by 

y-y«=/(^e,yo)(-»-^«)- 

On these principles Cauchy has founded remarkable methods 
of solution, which deserve attention from the commentary on 
the limits of error on their application by which they are 
accompanied (Moigno, Vol. Ii. pp. 385 — 434). 
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ADDITIONS TO CHAPTER VII. 



1. [This Article relates to Art. 2 of Chap, vii.] 

The sense in which (9) may be said to constitute the 
general solution of the differential equation is this. We 
obtain from it 

giving any particular value to C this will geometrically 
represent a curve consisting of two branches, and giving to 
C every possible value we obtain an infinite system of such 
curves, each consisting of two branches. The aggregate of 
branches thus obtained is evidently the same as the aggre- 
gate of curves given by the two primitives (5) and (6), un- 
restricted by any connexion between c^ and c^. In this sense 
then the solution (9) is general, that it includes all the parti- 
cular relations between y and x which are deducible from 
the original primitives (5) and (6). And it is only in this 
sense not general that it groups these relations together in a 
particular manner. 

To the expression of the complete primitive a certain 
variety of form may be given without affecting its generality 
in the sense above affirmed. Thus, if to the solutions of the 
component differejitial equations we give the forms 

ye^-c^ = 0, logy -\-ax-' c^= 0, 

we should have, by the same procedure, as the expression of 
the complete primitive, 

(ye"*" - c) (logy + oa? - c) = 0, 
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an equation which may equally with (9) be regarded as the 
complete primitive of the differential equation given, and 
which in geometry represents the same totality of branches of 
curves as (9), with this difference only, that they are differ- 
ently paired together, 

2. [This Article relates to Art. 3 of Chap, vii.] 

The question will here naturally arise, Since if F= c be 
a solution of one of the component differential equations, 
y( F) = c, in which /(F) denotes any function of F, is also a 
solution, by Chap. iv. Art. 3, why not give to the complete 
primitive the forbi 

{X(f^.)-c}{/.(F.)-c} {/,(F,)-c} = 0, 

or the stricter form 

/x(F»)/,(n) /.(F,)=o (n 

in which /i(F), ^(F,), ..»/^(FJ denote arbitrary functions 
of Fj, T^,..., Vn respectively — stricter because the presence of 
arbitrary constants and functions in the previous form is a 
superfluous generality? It is replied that though the form 
just given is analytically ijaore general than (15), it is not 
more general than (15) with such freedom as is permitted 
in the interpretation of the arbitrary constants. In a physi- 
cal or geometrical application we should not only be per- 
mitted to assign a particular value to the arbitrary constant 
in (15), so deducing what in reference to its source would 
then be termed a particular primitive, but to combine the re- 
sults of different determinations of c together, so as to obtain 
every form of solution which is implied either in the func- 
tional equation (F), or in its component primitives 

The same considerations justify us in speaking of (15) as 
the complete primitive, and not as a complete primitive. 
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CHAPTER XXL 



ADDITIONS TO CHAPTER VIII. 



1. [The Singular Solutions of Differential Equations of 
the First Order received great attention from Professor Boole, 
and the Chapter devoted to that subject is one of the most 
valuable and important in his work. He continued his re- 
searches after the publication of his first edition, and intended 
to reconstruct the Chapter with great improvements in the 
second edition. After carefully examining the manuscripts I 
came to the conclusion that it would be very difficult to re- 
write this portion of the work so as to connect the old matter 
with the new ; and thus it seemed best to reprint the original 
Chapter vili. with corrections of obvious misprints, and to 
print the matter intended for the revised form in the present 
volume. The plan gives rise to some repetition; but this 
seems unimportant, compared Avith the advantage of preserv- 
ing in the author's own language all that he left on an in- 
teresting and important point which he had carefully studied. 

2. It may be of service to the student to reproduce the 
substance of some remarks on his Chapter viil. which were 
sent to Professor Boole soon after the publication of his first 
edition ; for there is evidence in his manuscripts that he paid 
great attention to such remarks while engaged in the revision 
of his work, and thus the reason and the meaning of some of 
his additions and changes may be made more obvious. These 
remarks will occupy the next Article. 

3. The two pages beginning with " And these conditions 
are suflScient," and ending with " do not lead to conflictliig 
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results,*^ forming part of Arts. 3 and 4 of Chapter viil., seem 
obscure and difficult. The following may perhaps be substi- 
tuted with advantage. 

The only ways in which 

dt/ ^ dfjx.c) ^^^ dy ^ df{x, c) ^ df{x, c) dc 
dx dx dx dx dc dx 

can be equivalent when c is variable, are 

(1) when ^ = 0, 

(2) when ^^^^ =00 ; 

in the latter case -j^ = qo, and therefore -t- = 0, and this 

ax .ay 

implies that the singular solution is of the form x = constant. 

Thus there can be no singular solutions except such as 

df (x c) 
are found from ^^—\- — - = 0, and such as are found from 

ac 

X = constant. 

Similarly, if the complete primitive be expressed in the 
form x = F{y, c), there can be no singular solutions except 

such as are found from —^ — = 0, and such as are found 

dc 

from y = constant. 

In Art. 8 of Chapter viii. we read, " We may pass over 
the case in which the above equation is satisfied independ- 
ently of c, because the relation obtained would involve x 

only, while it is a condition accompanying the use o{ -j-^co 

that it leads to solutions involving y at least." It is ob- 
jected. Why may we pass over this case? Such a case might 
occur and furnish a solution, and then we should want to 
know the character of that solution. Take for example 

p = x'^y ; here if n is negative, —■ is infinite when a; = 0, and 
this is a singular solution. For the general solution is y = c€'»+ ^ , 
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and so a? = is not a case of it. The words — while it is 

a condition.. .at least — seem very diflScult, for by supposition 

dt) 
we are now investigating what is furnished ^J -f- =^ • 

Professor Boole met the objection in substance thus : 

" It will be found that the rules in the book are correct in 
this case. What is implied in the Chapter, though not stated 

with sufficient clearness, is that if -r- = Qo leads to a solution 

dy 

which does not involve y in its expression, nothing is to be 
inferred whether it is singular or not. Then the proper test is 

dx \pj 

In this example we have 

-f-zsco gives a;" = cx) : no inference t 
dt/ 



— I - j = cx) gives a?~^"'^^^y"^ = oo , 



Hence a? = 0, provided n is between and — 1, or y = 0. 

Consider these separately : 

First. Let n be between and — 1, and x = 0. This is 
by the test a singular solution. Substituting it in the com- 
plete primitive we get y = c, which confirms this. 

Second. Let y = 0. This satisfies the differential equa- 

J /I \ 
tion; but from the fact that it comes from -j- f-j = qo we 

have no inference ; from the fact that it does not come from 

^ = 00 we have the inference that it is a particular integral : it 

corresponds to c = 0. 
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There remains the case of a?=0 when n is between —1 
and — 00 . As this does not satisfy j- ( - ) = oo , we infer that 
it is a particular integral. To prove this we have 

When a? = this gives, since 1 + n is negative, 

c = Qo orc== — 00, 

according as y is positive or negative. This is like Ex. 2 of 
Chap. VIII. Art. 8." 

The remark made by Professor Boole in the above reply, 

that i/* -p = 00 leads to a solution which does not involve y 

nothing is to be inferred... is important. It corrects the state- 
ment put too strongly in Chap. viii. Art. 7, " All we can affirm 

is that if -^ = oo gives a solution at all it will be a singular 

solution." 

From Art. 8 onwards it seems assumed that a solution for 

which -^ = is always to count as a singular solution, even if 

it should coincide with a particular integral. This does not 
seem to have been quite tne view of the former part of Chap- 
ter VIII. : see Arts. 5 and 6 of the Chapter. 

In Ex. 3 of Art. 9 we read, " the second is obviously a 
singular solution." This means that since we have a solu- 
tion which makes -^ infinite, we conclude that it is a singular 
solution. 

So in Ex. 5 of Art. 11 we read, " is evidently a singular 
solution," when it seems better to say, *' and is therefore a 
singular Solution." 

4. The additional matter relating to Chapter vill. begins 
with another example which was to be placed at the close of 
Art. 3 of that Chapter.] 
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Ex. The differential equation 

{fslix? + y" ~ m' - y) ^- a; = 
has for its complete primitive 

Voj* + y* — w* — y — c == 0. 



Here ^^- ^ i ^ = 



a? 



dy ^af + y'-m^ ' ^ Va?* + /-w*' 

^ = -1. 
fife * 

Hence -7^ = ==^==, ^- =s ^ . 

dc y — V ic* + y* — f» <*c a? 

Both -T^ and -r vanish then if 
oc ac 

a;*4-^-m*=s0. 

This therefore is th6 singular solution and it satisfies both 
the tests, as both x and y are contained in its expression. 

Of the partial tests 

^ = ^ = 00 ^ = 00 
dc ^ dx ^ dy ' 

the first is not satisfied, the last two are satisfied. 

The determination of c as a function of x by the solution 

dfix c) . . 

of the equation -^ ^' ' = is equivalent to determining 

what particular primitive has contact with the envelope at 
that point of the latter which corresponds to a given value 
of X. 

One important remark yet remains. The elimination of c 
between a primitive y^f{x,c) and the derived equation 

dy 

-^ = 0, does not necessarily lead to a singular solution in the 
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sense above explained. Fen it is possible that the derived 
equation 

dc 

may neither on the one hand enable us to determine c as a 
function of x, so leading to a singular solution ; nor, on the 
other hand, as an absolute constant, so leading to a particular 
primitive. Thus the particular primitive 

being given, the condition -^ gives 

whence c is + oo if a; be negative, and — oo if a? be positive. 
It is a dependent constant. The resulting solution y = 
does not then represent an envelope of the curves of particu- 
lar primitives, nor strictly one of those curves. It represents 
a curve formed of branches from two of them. It is most 
fitly characterized as a particular primitive marked by a sin- 
gularity in the mode of its derivation from the complete pri- 
mitive. 

All the foregoing observations and conclusions may be 
extended to the case of Solutions derived from the condition 
dx ^ 

dc 

5. We have seen that the equation ;^ = may be satisfied 

by an absolutely constant value of c, so leading to a particu- 
lar primitive and not a singular solution. In this case 
'^{x + h, c) as well as ylr (aj, c) would vanish, and the nume- 
rator of (9), instead of being the difference of a finite and an 
infinite quantity, would be the difference of two infinite and 
equal quantities. [See Chap. viii. Art. 8.] It would not there- 
fore be infinite. Hence we conclude that -y- would not become 

ay 

infinite for a particular primitive in the strict sense of that 



\ 

*■ 

I 
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i 

term, i. e. for a solution derived from the complete primitive 
by giving to c an absolutely constant value. 

This is one point of contrast between the conditions 

dc ^ dy 

There is another not less important. As the numerator 
of (9) may become infinite not only when -i/r {x, c) = 0, but 
also when t^t (a?, c) = infinite, we see that a relation between 

y and x which makes -^ infinite will not necessarily satisfy 

the differential equation. On the other hand, it is not a par- 
ticular primitive in the strict sense of that term. 

dx 
Exactly in the same way the condition -7- = 0, as relating 

to the complete primitive, leads to the condition 

as relating to the differential equation, with the same points of 
difference in the respective applications. 

dy ^ 
Ex. Let ;# = wiy ** , and suppose m a positive constant 

greater than 1. 

Here ^ = (m - 1) y^, 

which becomes infinite when y = 0. As this involves y and 
satisfies the differential equation it is a singular solution. 

To confirm this conclusion we may refer to the complete 
primitive 

which does not give y = for any particular value of c. 

Now let m be a positive constant less than 1. We have 
still -f-^^ when y = ; but this value of y no longer satis- 
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fies the differential equation. It is not a solution at all, nor 

would it result from the application of the condition ;/^ = 

to the complete primitive. The distinction of character of 
the two tests is here made manifest. 

6. We may express the most important results of the 
foregoing investigations in the following theorem. 

Theorem. Every solution of a differential equation of the 
first order wliich is derived from the complete primitive by 
giving to c a variable value will, if it involve y in its expres- 
sion, satisfy the condition 

dp 

— - = GO • 

dy ^' 
and if it involve a?, the relation 



dx \pj 



But relations satisfying these conditions will not neces- 
sarily be solutions of the differential equation. 

In applying this theorem the following points must be 
carefully attended to. 

1st. No conclusion can be drawn from the satisfying of 
the condition -J- = (x> when the relation in question does not 
contain y in its expression, nor from the satisfying of 



dx \pj 



1 I — QO 

when the relation in question does not involve x in its ex- 
pression. For these conditions being respectively derived 

du dx 

flrom ^=0 and -^=0 are subject to the same limitations 

in their application. 

2ndly. It may be that -^ ox -j- f-j assumes for a particu- 

lar relation between x and y the indefinite form - . In this 
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case we must seek by the development of its terms or by- 
other known modes its true limiting value or values. Finite 
values will indicate particular primitives, infinite values sin- 
gular solutions, and when such values emerge together out of 
the same relation between the variables, the solution will be 
a particular primitive possessing the geometrical properties of 
a singular solution. Its locus will be a particular curve en- 
velopmg other curves of the same family. 

See Examples 2 and 3 of Chap. vill. Art. 1 1. 
We have seen that the conditions 

dp ^ /A 



dy 



dx \p) 



indicate in general the existence of a relation between c and 
a? or c and y. And when that relation is such as to enable us 
to determine c as a continuous function of one of the vari- 
ables, the corresponding solution of the differential equation 
is singular, and is geometrically represented by an envelope 
of the curves of primitives. But it may be, as we have seen 
in a particular example, that the relation does not determine c 
as a ftinction of a; or y ; but according to the language already 
used, c is a dependent constant, or in some other way different 
firom the constant of an ordinary particular primitive. Let 
us examine in particular instances the kind of singularity 
which may hence arise. 



Ex.l. Given2^ = -3^i^. 

^ X 



This becomes infinite ii x^^\ but this not involving y 
must be rejected. Again, it becomes infinite if y = 0, and 
this proves to be a solution of the differential equation, the 
limiting value of the indeterminate function in the second 
member being (Todhunter's Differential Calculus, Chap. x.). 
Now the complete primitive is y = €**, discussed in Art. 4. 
The constant c is there shewn to be dependent, the solu- 

B.D.E. II. 2 
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tion y = emerging from the complete primitive by making 
c = — CO if a; be positive, and c = oo if a? be negative. 



Ex. 2. Given (^)'- ^^ ^ + y' log y = 0. 
Here ^ ^yij^^niis^ . 



therefore ^^ ^ ± (^'^/logy)* 1 

dy 2 (a?'* -4 log 2^) i 

and this is made infinite by y = and by a;* — 4 logy =0, 
i.e. by 

y = 0, y = €*. 

Both satisfy the differential equation. 
Now the complete primitive is 

y = 6«^. 

We see at once therefore that the second of the above solu- 
tions is singular. The first however is deducible from the 
complete primitive by making c = qo or c = — oo, irrespec- 
tively of the sign or value of a;, provided only that x he 
finite ; not so however if x be infinite. The value of c is not 
therefore in the most absolute sense independent of that of ar. 
If from the complete primitive we seek the singular solution 

by the condition -^ = 0, we get the two equations 

€«-«»= 0, a;-2c = 0. 

The second of these determines c as a function of a?, and 
leads to the second of the solutions obtained above. The first, 
though it does not determine o as a function of a?, still ex- 
presses a relation between c and a?, which is the ground of 
the fulfilment of the condition 

dp 
dy 
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We may further notice a peculiarity arising from this rela- 
tion. Supposing X finite and the solution y = a particular 
integral, it presents the singularity that it is the only case in 
which two particular integrals agree. We might in any com- 
plete primitive, by changing c into c^ get two values of c for 
the same particular integral, but then it would be for everi/ 
particular integral. 

One negative character seems indeed to mark all the cases 
in which a solution involving y in its expression satisfies the 



condition -^ = oo . It is that such solutions do not emerge 
from the complete primitive by the attributing of a single and 
absolutely constant value to c. The relation which makes -^ 
infinite satisfies the differential equation only because it satis- 
fies the condition ;jr = 0> *^d ^^is implies a connexion be- 
tween c and a?, which is the ground of a real though it may 
be unimportant singularity in the solution itself. 

At this point, then, the question aifises, whether the term 
singular solution shall be confined to that class of solutions, 
the loci of which represent the envelopes of curves of primi- 
tives, or shall be extended to all solutions which, satisfying the 

condition -^ = co, indicate the existence of a relation be- 
ay 

tween c and x, and possess an actual singularity arising from 
this source. While the all but universal consent of mathe- 
maticians is in favour of the former course, it is to be remem- 
bered that the question is solely one of definition. Not such 
is the question how singular solutions of the envelope species, 
or as would more generally be said true singular solutions, 
are to be distinguished from all other solutions. This we 
now propose to consider. The question is not an isolated one. 
It stands in close relation to a series of properties of singular 
solutions which admit of an orderly development. 



2—2 
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Discrimination of singular solutions of the envelope species. 

7. A negative test, which in the great majority of cases 
suflSces for the present object, is suggested by the following 
consideration. 

The differential equation determining -^ as a function of 

X and y determines also t-t > -ji > od inf.^ and the know- 
ledge of these enables us to construct in a developed form 
the complete primitive. See Chap. ii. Art. 12. 

The values of -^ , -r^ , &c. ad inf^ as derived from the 

differential equation, are the same as those derived from the 
complete primitive. 

But a solution deduced from the condition -^ = oo is only 

constructed so as to yield the same value of -j- as the given 

differential equation does. If it be of the envelope species, 
the curve it represents has in general no continuous contact 
with the curve of any particular primitive. It will not there- 
fore generally yield the same values for -^J[, -7-^, &c. as 

the differential equation does. It will not therefore generally 
satisfy the differential equations of an order higher than the 
iirst, which would be derived from the given equation by dif- 
ferentiation. Hence we have the following Proposition. 

Proposition. If a relation which makes -J- infinite satisfy 

the given differential equation of the first order ^ hut do not 
satisfy all the higher differential emmtions oitained from it^ 
such solution will be singular and oj the envelope species. 
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Ex. 1. By comparison with its complete primitive we saw 
in Art. 5 that -^ = 7?iy"* has for a singular solution y = 
when m is a constant greater than 1. 

We will first suppose m a fractional quantity greater than 
1, and endeavour to deduce the character of the solution with- 
out making use of the complete primitive. 

From the solution we have 

^ = 0, ;^ = 0, &c. ad inf. 

But from the differential equation 
and generally 



^ = m(TO-l)...(TO-r + %-. 
Hence, when r is less than «t, the substitution of y = gives 

daf " 
as before. But if r is greater than m, it gives 

We conclude that the solution is of the envelope species. 

Secondly, suppose w a positive integer greater than 1. 

In this case we find, when r is less than m, the same series 
of values as before ; but for »• = m we have 

g=m(m-l)...l, 
and this also shews the solution to be of the envelope species. 
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Ex. 2. The differential equation 

1-Vf 4 

is satisfied by 

aj« + y-4. 

Is this a singular solution or a particular integral ? 

From the solution we find 

dy ^ X el^y __ 4 
dx^ y ' da? y ' 

From the differential equation we shall have 

da? 2{y'-xp) ' 

substituting in which the value of -^ , obtained from the 
proposed solution, we find 

d'y__ {c^ + y^Y^ 8 
dx^ 2y^ /' 

Now this differing from the value before obtained, we con- 
clude that the solution is singular and of the envelope species. 

And this result is verified by comparing the solution with 
the complete primitive 

{x - cY + {y- ^i^y= 1. 

As the test above exemplified is merely negative, it is in- 
sufficient. For it is conceivable that an enveloping curve 
should have an infinite order of contact with each of the curves 
which it envelopes, and this is also possible. Any test found- 
ed upon a comparison of the values of differential coefficients, 
any test therefore furnished by the Differential Calculus, would 
be insufficient for the discrimination of such cases. 



Ex. 3. Given -r-=y (log y)^ 



dx 
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Here -J-- = co gives y = 0, and this satisfies the diflferenr 

tial equation. 

From this solution we find 






da? ' da? 
From the differential equation we have 

5=y{aogy)* + 2aogy)«}, 

which consists of y multiplied by a rational and entire func- 
tion of logy. It is easy to see that all the higher differential 
coefficients of y hence derived will possess the same character^ 
And all such vanish with y. 

We can therefore neither affirm nor deny that the proposed 
solution is of the envelope species. 

8. Before demonstrating a general Rule for the discrimi- 
nation of solutions of this character, we shall notice certain of 
their properties which serve to indicate in what direction the 
Rule IS to be sought. [See Chap. viil. Art, 14.] 

As the exact differential equation differs from the sup- 
posed given differential equation by having acquired a factor 
which the singular solution makes infinite, so the given dif- 
ferential equation may be said to differ from the correspond- 
ing exact one by containing a factor which the singular solu- 
tion makes to vanish. If we knew that factor, we could by 
rejecting it reduce the given differential equation to a form in 
which it would no longer be satisfied by the singular solution. 
Now Poisson has shewn on a particular assumption, which 
does not however affect the principle of the demonstration, 
that this factor can be found when the singular solution is 
known. His demonstration is in substance as follows. 

Let us represent the given singular solution of the dif-_ 
ferential equation by 

w = 0, 
u being a given fiinction of x and y. Then introducing u and 
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X instead of y and x as variables, the differential equation 
after transformation will assume the form 

Now this equatlcMi being satisfied by w = and the first 
member vanishing, the second must also. Poisson now 
assumes, and the assumption must be carefally noted, this 
second member to be capable of being developed in ascending 
positive powers of w. Supposing it so developed, the diffe- 
rential equation becomes 

in which A, B,.., are functions of a?, and a, fi^'^ ascending 
positive indices. 

Hence if w = be a singular solution we have, putting p 
« du 

-^ = Jaw-i + 5*/3tt^i + &c. = 00 . 

But this demands that there should be at least one nega- 
tive power of u in the development in the second member. 
Therefore a — 1, the lowest index, must be negative. There- 
fore a being already positive must lie between and L 

We may give therefore to the transformed differential 
equation the form 

a being a positive fraction, and Q not vanishing with ii. 
Hence, dividing by w*, 

du ^ 
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a differential equation which is not satisfied by w = 0, since 
w = gives t*^"" = 0, and the first member vanishes while the 
second member does not vanish. In its present form then 
the equation is not satisfied by w = 0. We see also that the 
property of being satisfied by w = has been lost not in 
reality through a transformation, but through the rejection of 
an algebraic factor u* from the transformed equation. It has 
been shewn in the treatment of Clairaut's equation, how in 
the ascent by differentiation to an equation of a higher order 
a somewhat analogous effect is produced, the singular solu- 
tion emerging out of a factor of that higher equation. 

If we inquire what is essential in Poisson's demonstration, 
we shall find it to consist in that the transformed equation is 
of the form 

in which while Q neither vanishes nor becomes infinite when 
u=0, the functions 



C^and 






both vanish with ». The question whether U is of the form 
w* as Poisson supposes, or is not, is wholly immaterial. 
This will fully appear from the demonstration of the follow- 
ing theorem, which is in effect Poisson's freed from arbitrary 
assumptions. 

9. Proposition. If u^O he a solution of a differential 
equation of the first order between y and x, and 

represent the form which that equation assumes when u and x 

<ire assumed as variables instead of y and x, then if f{x, u) be 

resolved into two factors Q, U, of which Q neither vanishes 

nor becomes infinite when w = 0, while the functions U and 

" du 
-jj both vanish when w = 0, then the differential equation can 

be reduced to a form in which it shall cease to be satisfied by 
w = 0. 
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In the statement of this proposition x is supposed to be 
constant in the integration relative to u. 

The differential equation after the transformation which 
introduces u and x as variables becomes 

1= «^- 



Let 






so that V is in general a function of x and u, the form of 
which is known by integration when that of U is given. 
And again, transform the differential equation by making v 
and X the variables instead of u and x. We have 



(: 



dv\ ^ dv dv du • 
dx) dx du dx* 



dv . . * . 

in which -r- is the differential coeflScient of v with respect to 

X, on the above hypothesis as to the constitution of v as a 

function of x and w, while (^) is the differential coefficient 

on the hypothesis that v is reduced to a function of x alone 
by the conversion of u into a function of x. 

o,. dv 1 du ^TT 

the above equation becomes 

\dx) dx 

Now if tt = give v = for all values of a;, it will there- 
fore give 

and further, 

dx'^dxjf, U^ ' 
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since we are permitted to make i* = before effecting the 
differentiation with respect to x. Hence the equation re* 
daces to 

0==(2. 

And this is not satisfied, since hj hypothesis Q does not 
vanish with u. 

-ff^^^ ^^ transformed differen- 
tial equation will no longer have w = for a solution. 

Cor. Assuming ^ = 1, which does not violate the hypo- 
thesis respecting Q, and gives 



we see that if 



U^fix, u), 



he satisfied by w == 0, and if at the same time t* = gives 

du 



. 



f{^7 w) 



= 0, 



the differential equation can be transformed so as to cease to 
admit of the solution w = 0, 

It is obvious however that it is best to assume Q so as to 
make the subsequent integration for determining v the sim- 
plest possible. 

It is manifest that a solution which can thus be made to 
cease to satisfy the differential equation cannot be a particular 
primitive. For the complete primitive of the transformed 
differential equation which it does not satisfy is convertible 
into the complete primitive of the original differential equa- 
tion which it does satisfy, merely by writing therein for v its 
expression as a function of x and v. It cannot therefore be a 
case of the complete primitive m anjr sense. It must be 
a singular solution of the envelope species. 

The converse proposition still remains to be proved. 
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10. Proposition. ^u = Obe a singular solution of the 
envelope species of a differential equation of the first order ^ and 
if by assuming u and x as the variables^ the differential equa- 
tion is reduced to the form 

du >,, » 

then will 

du 



J 



become when t* = 0. 

Let the complete primitive be represented by 

F{x, v) = (7, 
then, since 

dF{x^ 11) dF{x, v) ^ _ ^ 
dx du dx ^ 

we have if for brevity we represent F{xy u) by F^ 

dF 
du ^ dx ^ 
dx"" dF' 

du 



« 



dF 



therefore / ^^7 r = — / -m <?m. 

Jof{^> «*) I ^ 

•^0 dx 

Now u = being a singular solution, F{x, 0) is not a con- 
stant; for if it were, the complete primitive would, on giving 
to G the constant value in question, yield t^ = as a particu- 
lar primitive. And this would equally be the case whether 
that constant were finite or infinite in value. We see then 

that F{x, 0) must be a fanction of x, and therefore — — — - 

must either be a function of a?, or a finite constant differing 
from ; the latter if F(x, 0) be of the form ax + b, the former 
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if it be not of that form. Therefore the value of — V-^ — ^ 

ax 

when t* = 0, since in this we are permitted to make w = 

before diflferentiating with respect to a?, will be a function of 

x^ or a finite constant differing from 0, 

Now it is manifest that in general 

dx 



where H is some value intermediate between the greatest and 
least values which ^rp assumes within the limits of integra- 

dx 
tion. When these limits are, as in the above case, infinitesi- 
mal, we have 

dx 

^ . du 1 rdF , 

Hence i -^r r= >w. ,.A -r-du 



p du ^ 1 r'dF 

dx J^ 



dx 

dx 

But we have seen that \ * does not vanish. Hence 

dx 

its reciprocal, the first factor of the right-hand member of the 

above equation, does not become infinite. Again, 

F{x, u) -F{x, 0) 
vanishing when w = 0, we have , 

du 



/ 

J i 



o/(a;, u) ' 
when u is made infinitesimal as was to be shewn* 
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It win be observed that the previous general expression 
for I 27 x becomes infinite if w = is a particular integral. 

For then, F{x^ 0) being a constant, — J ' ' vanishes, while 

F{x, u) —F{xy 0) does not vanish so long as u differs bv 
however small a quantity from 0. 

These propositions form the ground of the following Kule 
for the discrimination of singular solutions of the envelope 
species from all others. 

11. BuLE. The proposed solution being represented by 
M = 0, let the differential equation, transformed by making u 
and X the variables, be 

Determine as a function of x and u the integral 

Jo U^ 

in which U is either equal to /(x, u), or to f{x, u) deprived 
of any factor which neither vanishes nor becomes infinite 
when w = 0. K that integral tend to with u the solution is 
singular. 

Ex. 1. Determine whether y = is a singular solution or 
particular integral of the differential equation 

Here, since w = y, no preliminary transformation is needed. 

which tends to with y. Hence the solution is singular. 

To verify this we observe that the complete primitive is 

1 
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and this cannot be reduced to y = hy giving any constant 
value to c. 

We have seen In Art. 7 that the test which is founded upon 
the comparison of differential coefficients does not suffice to 
characterize the above solution. 

Ex. 2. The equation ~ = - — — is satisfied by y = 0. 

cue sC 

Is this solution singular or particxdar? 

Here also no transformation is required. We have, reject- 
ing the factor - which neither vanishes nor becomes infinite 

•2/ 

when y = 0, 

P^= log logy -log logo 

^^^logO* 

and this being infinite, however small y may be, may 

be said to tend to infinity as y tends to 0. The solution is 

therefore particular. 

It will perhaps appear at first sight as if in the above ex- 
ample we ought to write 

log!^ = logl = 
^logO ^ 

when y is made equal to 0. But the course of the demonstra- 
tion shews that the value of the definite integral must be first 
obtained on the hypothesis that u (in this case replaced by y) 
is finite, and then the limiting value which its expression 
approaches to, as u approaches to 0, be sought. And in this 
case, since for all finite values of u however small the integral 
is infinite, its limiting value is infinite. 

The complete primitive in the above case is 

and the nature of the solution y=0 has abeady been dis- 
cussed in Art* 4. 
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History of the Theory of Singular Solutions. 

12. It is remarkable that while the theory of enveloping 
curves and surfaces was at once founded and developea by 
Leibnitz in 1692 — 4*, the corresponding theory of the singular 
solutions of differential equations has been of very slow growth. 
The existence of these solutions was first recognised in 1715 
by Brook Taylor ; it was scarcely more than recognised by 
Cflairaut in 1734. Euler, in a special memoir, entitled Eocpo- 
sition de quelques Paradoxes dans le Calcul Integral^ published 
in the Memoirs of the Academy of Berlin for 1756, first made 
them a direct object of investigation ; but the foundations of 
their true theory were only laid in 1768 in his Institutiones 
Calculi Intearalis, Laplace, Lagrange, Legendre, Poisson, 
Cauchy, and De Morgan have in various ways developed and 
extended that theory; but there has been so remarkable a 
want of imity and connexion in this long series of researches, 
that important portions of the theory appearing in a too 
isolated form have been neglected, forgotten, and rediscovered. 
I purpose here to give a brief account of what seems most cha- 
racteristic, rather than of what is most original in their several 
researches ; for the germs of nearly all subsequent discoveries 
on the subject are to be found in the gi'eat work of Euler. 

Taylor and Clairaut appear to have been led by accident to 
the noticing of singular solutions ; the former while directly 
occupied on the solution of differential equations, the latter 
while discussing a remarkable class of problems relating to 
the connecting properties of different branches of the same 
curve. Taylor gave them the name singular, while Clairaut, 
and Euler too in his memoir, regarded them as a species of 
paradox, not merely from their non-inclusion in the general 
integral, but from the mode of their discovery through a 
process of differentiation. The memoir of Euler, though it 
sheds no light on the real nature of these solutions, contains 

• Ada Eruditorvm, 1692, p. 168 ; 1694, p. 811. Opera, Tom. m. pp. 264, 
296. 

Methodut IncremerUorwn, p. 26. 

M4mwrei dc CAcadSmU de» ScUnea, 1734, p. 209. 
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an interesting theorem concerning their connexion with the 
form of the differential equation, viz. If this equation can 
be brought to the form 

Vdzr=zZ{Pdx'\-Qdy), 

in which 5? is a function of x and y, and ^of z, then will 

be a singular solution. In his Institutiones Calculi Integralisy 
Tom. I. p. 393, however, Euler gives a rule which is the 
counterpart of that of Cauchy. [See Chap. viii. Art. 12.] 
He shews that if w = be a particular integral, and if the 
differential equation be reduced to the form 

then I -j-T r = Qo . 

Jo 4>(X, U) 

The limits of integration are here supplied. The reasoning, 
which is not fully developed, is the following. From the 
transformed equation we have 



Hence aj = (7+l 



du 



du 



a? _ 1 r du 



If this be satisfied by a solution involving x and y, and if 
that solution be a particular integral, then on putting for x 
its value in terms of u and integrating, the above equation 
will be satisfied by giving some particular constant value to 
C. But if the supposed particular integral be w = 0, then x 
and u being independent, we may perform the integration 
with respect to w as if a: were constant. The resulting equa- 
tion cannot be free from x unless C be infinite, and then it 
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will evidently not be satisfied unless I-tt r be infinite. 

We infer then that this is a necessary condition in order that 
w = may be a particular integral. 

This is Euler's fundamental theorem, and from this, by 
means of an hypothesis agreeing with that of Poisson con- 
cerning the form of the transformed diflferential equation, he 
arrives at the condition 

dp __ 

[In the passage to which Professor Boole refers, Euler 
does not undertake to discuss the nature of any solution, 
but only of a solution of the form x — constant. On his 
page 408 Euler proceeds to discuss the nature of any solu- 
tion. Professor Boole seems to me to attribute too much 
to Euler. For the convenience of those who wish to ex- 
amine the original, I will give the reference to the passages 
in the later editions of Euler's Institutionea Calculi Integralis : 
Vol. I. pages 343 and 355 of the edition of 1792 ; Vol. I. 
pages 342 and 354 of the edition of 1824.] 

Laplace in the Memoirs of the French Academy for 1772, 
p. 343, established the tests 

dp _ d /1\ 

dy" ' dxXpJ" ' 

and shewed their respective uses. He established also the 
test which consists in the comparison of difierential coeflicients, 
and he supposes it universal. He adopts the hypothesis of 
his predecessors as to the forms of expansion, but with some 
recognition of its insufficiency. 

Lagrange in the Memoirs of the Academy of Berlin for 
1774, p. 197, and 1779, p. 121, appears first to have developed 
the theory of singular solutions in its two forms of derivation 
from the complete primitive and derivation from the differen- 
tial equation, and to have established the essential connexion 
of these. But supposing the differential equation to be ex- 
pressible in the rational form 
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and employing the differential coefficients of F{x^y^p) in- 
stead of those of p he was led to sacrifice rigour to symme- 
try. One of his results has often since been adopted as a 
test of singular solutions. It may be thus stated. 

Prop. A singular solution makes the general value of 
^ , deduced from the differential equation in its rational and 

integral expression, to assume the form - . 

[The demonstration is given in Chap. viii. Art. 14.] 

cPv 
This ambiguity of value of -^ is evidently but an expres- 
sion of the fact that the contact of a curve of the complete 
primitive and that of the singular solution is not in general 
of the second order. 

The result given in equation (5) of Chap. viii. Art. 14 has 
also been adopted as the test of singular solutions. 

The researches of Poisson and Cauchy have already been 
noticed. It is certainly remarkable that the final test to 
which Cauchy's analysis led should be essentially the same as 
that which had been discovered by Euler so long before. 

Professor De Morgan has thrown an important light upon 
the nature of the conditions 

dp __ dp __ 

dy^ "* dx'^ ^ 

which are fulfilled by all singular solutions in the expression 
of which X and y are both involved. He has shewn that any 
relation between x and y which satisfies these conditions will 

satisfy the differential equation unless it make -t4, as derived 

from the differential equation, infinite ; that it may satisfy the 

d ti 
differential equation even if it make -i-f infinite ; lastly, that 

3—2 
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if it do not satisfy the differential equation, the curve it 
' Tepresents is a locus of points of infinite curvature, usually 
45usps, in the curves of complete primitives. 

The proof is as follows : 

Let p = <t> {Xy y) 

be the differential equation. Then the proposed conditions 
are 

# (^> y) ^^ # (^> y) ^ CO 

dy ^ dx * 

therefore by differentiation, 

dxdy d'j^ dx ' do? dxdy dx ' 

whence we have 

d^<f> d^4> 

dy _ dxdy dx^ 

dx d*<^ d <f> ' 

dy^ dxdy 

These are two equivalent expressions for the same value of 
-^ . The question now is, under what circumstances this 

value of -p will satisfy the differential equation. 

Now from that equation we have by differentiation 

d^y _ d^ d<f> dy 
dx^ dx dy dx^ 

whence 

d^y d<f> 

dy _ da? dx 

dx d^ 

dy 
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If then ^ be finite we have, since ^ and -^ are both 
oar ax ay 

infinite, 

dy ^ dx 
dx a^ ' 
dy 

and this hy the rule for the evaluation of fractions of the 
form ^ is equivalent to the value in either of its forms before 

obtained for ^« Hence^ any relation which satisfies the 

d^V 
given conditions and makes -j^ finite, will satisfy the diflfe- 

rential equation. 

d\ 
And the same result holds even if -t4 t^ infinite, provided 

ttat j~ 4- -7^ vanish, 
oar ay 

I^tly, as when this result does not hold, the failure is due 

d\ 
to the infinite value of -t4 , we see that the line in which the 

locus of the proposed relation intersects the curves of primi- 
tives will be a locus of their points of infinite curvature. 

[Transactions of the Cambridge Philosophical Society^ 
Vol. IX. Part II.] 

Legendre's Memoir of 1790 throws but little light upon 
the subject of this Chapter. But it exhibits the theory of 
the singular solutions of difierential equations of the higher 
orders, both ordinaiy and partial, in a form of great beauty, 
and will be noticed in the proper places. 
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CHAPTER XXII. 



ADDITIONS TO CHAPTER IX. 



1. By successive application of the second theorem of 
Chap. IX. Art. 13, a linear equation of the n^ order may be 
reduced to one of the {n — r)^ order, if r distinct integrals of 
what the given equation deprived of its second term would 
be are known. 

The reduction may however be effected immediately by 
the method of the variation of parameters. In this and in 
most general investigations connected with differential equa- 
tions great advantages in point of brevity and of the power of 
expression are gained by the employment of the symbol of 
summation S> and of the language of determinants. I shall 
exemplify this here. 

Suppose the given equation to be 

^■*""^^(^^"^^»^ +^n-^ (1), 

and let y^, yj,...yr t>e r particular values of y, satisfying the 
equation 

^■*'^^"*" «^ +A-0 (2). 

Thus y = c,y, + c,^, ... + c^y^ 

is a solution of the latter equation including these particular 
solutions. We shall represent this by 

y = ^Ciyi (3), 

and regarding the quantities c^, c^,...Cr, represented here by 
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Ci as variable parameters, shall seek to determine them so that 
the above value of y may satisfy the equation given. 

These r parameters, enabling us to satisfy r — 1 arbitrary- 
conditions, besides satisfying the diflferential equation, we may- 
choose these so that 

dy d^ d^ 
dx' dx'''"dx^^ 

may be the same inform as if c^, c,, . . . c^ were constant. Now 
from (3) 

whence 

dx ^ dx^ 
provided that the conditicto 

be satisfied. Differentiating the first of these equations, we 
find in the same way that 

dx^^^'^'dx^' 
provided that the condition 

^^^^^ 
dx dx 

be satisfied. And thus continuing we see that the system of 
r equations 

y^to^i. ^=2o,^, ^ = Sc.^, (4), 

will hold true provided that the r — 1 conditions 

V dci ^ ^^yi^i^c\ K ^fi ^i^o (n) 
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be satisfied. In each of these equations the symbol S is to 
be interpreted by giving to t the successive values 1, 2,... r, 
and taking the sum of the results. 

Diflferentiating the last of the equations (4), we have 

daf ^^'d^"^^ dx^^ dx* 

As we cannot impose the condition that the last term of 
this equation shall vanish, let z represent its unknown value, 
then 

l^'^^'^'dx^^'' ' (^^• 

Now the system of equations (5), together with 

^ daf-' dx^""' 

constitute a system of r simple algebraic equations deter- 
mining by solution the r quantities 

dc^ dc^ dCf 
d^' d^'^'di 

in terms of their coefficients and of z^ and therefore in terms 
of X and z, since the coefficients are known as functions of 
X. It is evident also that as the second members of all the 
equations but one vanish, and the second member of that is 
Zf the values so determined will be of the form 

^ = ^»''' 8^- -^^^ - d^- ^^^ 
Xj,^^,... X^ being known functions of a?. Thus the r un- 
known quantities t^>«" j^ ^® made to depend upon only 

one unknown quantity, viz. z. It remains then to deter- 
mine z. 

For this purpose we must complete the expression of the 
differential coefficients of y, and substitute in the given dif- 
ferential equation, and then seek to satisfy that equation. 
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Now differentiating (6) we have 

^V _^, ^^'y< , ^ ^>i dcj , dz 

dz 






dx 



on substituting for -~ the value X^z as above determined. 

We observe that the coefficient of z is here a known function 
of X. If we differentiate this equation and in the result sub- 
stitute as above for -^ , we shall have a result of the form 

ax 

d^y ^ dr^Vi , J. , ^,dz d\ 

L and M being known functions of x. Ultimately then 
we have 

dH'y ^ (?*y< . D . /^ ^2? . d'^z 



dx"" da^ dx djd 

Thus, while y and the differential coefficients of y up to the 
(7. — l)th g^jg Qf ^{jg same form as if c,, Cj,... c^ were constant, 
the succeeding ones differ in containing an additional portion 
consisting of », and differential coefficients of z multiplied by 
known functions of x. The result of substitution of these 
values in the given differential equation will therefore consist 
also of two classes of terms, viz. terms under the sign of 
summation, which will be the same in form as if Cj, c^^.,.c^ 
were constant, and terms involving the differential coefficients 
of z up to the (n — r)*^, with multipliers which are known 
functions of x. We shall in fact have 

^' l^« + ^' die"-' + ^* dir»^ + ^-j 
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Now yi being by hypothesis an integral of (2), the first 
line of the above equation vanishes, and there remains the 
linear equation of the (n — r)^ order 

Supposing z hence determined, we have in general 

Cf= jXizdxj 
and hence 

y^yAX^zdx + yAX^zd^ +y^jx^dar, 

and as z will have n — r distinct values, each involving an ar- 
bitrary constant, the above equation will famish n — r distinct 
values of y, each involving an arbitrary constant. It is to be 
observed that no arbitrary constant need be added in the inte- 
gration of tlie terms XiZ dx, for the effect of such addition 
would only be to reproduce the known integrals c<y<. In 
this way, however, the equation would represent the general 
integral of the differential equation given. 

2. Let us examine the form of the result in the particular 
case in which r = w — 1 . 



Here we have 



dx'^^^'dx^ 



from 77i = 0tO77i = n — 2, then 






. dz 
ax 
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Accordingly the differential equation for z will be 

, S+K*P)'*A-x. (,). 



Now the equations for determining 



rfCj (fcj dc, 



*-i 



become on putting X^z for -r-^ , and writing for brevity y\ for 
^ W'for^' &c 

^i-^i + y%^i • • • + y..-1-^..-i = 0, 

y ,X, + y'^. . . . + s^^jX^j = 0, 






Whence, by the theory of determinants, 



^ \ AM 



Y -1 ^-^ 



M standing for the determinant 



Viy Vtr 



% 



«-i 
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Now the determinant is ultimately a function of x ; and 
such indeed that 



_. / „ cP^-'yA _ 1 dM 



For 



dM_ ^dMdyt ^ dM dyl ^ dM dyt^ 



dx dyi dx dyl dx '" d^i*"*' dx 

Now M being homogeneous and of the first degree with 
respect to the quantities y^, y,, y,^, we have 

Hence 2 -r- y/ is what M becomes when in its expression 

Vi^yty •••yn-i ^6 changed into y/, y,', ... y'«_i, therefore it is 
what M becomes when two of its rows of elements become 
identical ; therefore it vanishes. In like manner all the other 
sums in (8) vanish excepting the last, for yj^""^^....y^j<*"** is 
not a row of elements of the determinant M. Thus we have 

• 

•^dM,^._dM 



dyl: 
Hence 



SX^r>=2l;J^yr>=i 



dM 



Mdy}'-'^^* Mdx' 

Thus the equation (7) becomes 

dz /I dM , .\ T^. 

therefore z = ^e-^*^" Im^J"^^" Xdx. 
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Hence, since 

dei_y. _ J_ dM 

, ri dM , 

whence c,=jj^^^^zdx, ,, 

we have y = ty,j^ ^^, edx, 

z being given above. 

In the case of X= 0, we have 






whence 



''^^■jw- ,w^'-''""^- 
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CHAPTER XXIII. 



ADDITIONS TO CHAPTER X. 



1. The theory of singular solutions of differential equations 
of the higher orders has been presented in the most complete 
form which it has yet received by Legendre, {MSmoires de 
V Acadimie Royale dea Sciences^ 1790, p. 218.) He determines 
first the possible forms of these solutions considered as emerg- 
ing from the complete primitive by the variations of its arbi- 
trary constants, and secondly the theory of their derivation 
from the differential equation itself. 1 shall follow the same 
order, and shall in the end endeavour to point out in what 
respect Legendre's theory may be regarded as complete, and 
in what respect it is imperfect. 

Suppose the differential equation to be of the n^ order, ^ 

and let it when solved with respect to the highest differential 
coefficient of y be represented by 

yn='<l>{^>i/,yiyy^y'>'yn-t) (i), 

I 

in which, for brevity, 

_di/ _d^y _ d^ 

Let also its complete primitive, solved with respect to y, 
be represented by 

y =/(a;, a^, a„ ... a^) (2), 

ttj, a,, ... a^ being the arbitrary constants of the solution. If 
we differentiate (2) with respect to a;, regarding a^, a^, ... a^ 
no longer as constants but as. functions of a;, so to be deter- 
mined as to leave the expressions for y^, y^, ... y^ as functions 
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of aj, a^, ... a^ the same as before, we shall have, on repre- 
senting the second member of (2) hjfj 






whence 



dx da^ dx da^ dx da^ dx 



_df_ 
y^^ dx' 



provided that 



df_d^ d£ da^ d£ da^ ^ ^^ 



da^ dx da^ dx 



da^ dx 



Differentiating on the same hypothesis the first of these two 
equations, we find in the same way 






provided that 



d^f dai , d^f dat . ^Z da^ _ 



dxda^ dx dxda^ dx 



And continuing thus, it results that the system 

-^ -^ -^ 



dx' 



(3), 



will be satisfied, i.e., that y^, yj) • • • Vn "^iW have the same ex- 
pressions when «!, a^, . . . a^ are variable as they have when 
these are constant, provided that the law of their variation be 
determined by the conditions 



d^da^^dfda^ j^df_da^^^\ 
da^ dx da^ dx da^ dx 



d^f da, ^ cPf da, ^ d^f da^^^ 

da, dx dx da, dx dx *da^ dx dx 



"...(4). 



drf da, ^ dy da, 

da, dx*'^ dx da, <&""' dx 



da^dx"" * dx 
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In this system the coeflScients of 

dx^ dx* '" dx 

are known functions of a?, a^, a,, . . . a„ when the form of / is 
known. 

Eliminating 

da^ da^ da„ 

dx* dx ^ '" dx * 

we have a relation between x, a^, a^, . , . a^; and this relation, 
with the given complete primitive and the first w — 1 of the 
derived and reduced equations, viz., with 

-/ _^/ -^ -Q" 

y-/> Vi-clx' y^''da?''"^'^^~'dx''''' 

will enable us to eliminate a^, a,, . . . a,», and to obtain a rela- 
tion of the form 

^(^'2'- 1' 3'--P)=^ (^)- 

This is a differential equation of the {n — 1)*^ order. It dif- 
fers in its origin from the given difierential equation, in that 
a new relation between a?, aj, a^, . . . a^ has been employed in 
place of the n*^ equation, derived by difi'erentiation from the 
complete primitive, for the elimination of the constants. 

The differential equation of the (w — 1)"* order thus obtained 
has an integral expressing y in terms of x, and n - 1 arbi- 
trary constants. ^ T^his is the most general form of a singular 
solution of the differential equation. 

It is possible that the elimination of a^^a^, ...a„ may- 
lead to a resulting difierential equation which, instead of 
being of the order n — 1, ig of the order w — 2, n — 3, &c. 
The complete integral of^such equation would be a singular 
solution of the difierential equation. These possible types of 
solutions are distinguished by Legendre according to the 
number of arbitrary constants which they contain. A solu- 
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tlon containing n — 1 arbitrary constants is called by bim a 
singular solution of the first order ; one containing w— 2 ar- 
bitrary constants a singular solution of the second order, and 
80 on. 

Adopting this language we might term the complete primi- 
tive a singular solution of the order 0. 

Lastly, any relation between x and y, which satisfies the 
given differential equation, will constitute a particular case, 
either of tfie complete pritiiitive or of one of the general 
forms of singular solutions above defined. In the case of 
differential equations of liie first (»:d^ it is seen thai no arbi- 
trary constant can appear iu' the expression of the singular 
solufioui 

Ex. The equation 

has for its complete primitive 

y—y +5a?+£^ + J*.. >.w....(e), 

required its singular solution. 

Proceeding as aJx>ve, we find on the hyjfethesis of a and h 
being variable parameters, the same formal expressions for 

'T' > ^ ^ ^ those parameters were constant, viz. 

ax 



(7), 



da? "^ 

provided that the variation of a and h be such as to satisfy 
the conditions 



(?«") 



da f ^-. db ^ 

da ^^ ^ A 

dx dx" , 



(8). 
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Eliminating hence -r- and -j- , we have 

a? 

St 

And from this, the complete primitive, and the first of the 
derived equations (7) elimmating a and J, we find 

itHi^'Yl-'-^^'^'-u'' «• 

This is the diflferential equation of the first order, by the 
solution of which the most general form of the singular solu- 
tions of the given differential equation will be determined. 

Beducing it to the form 

and integrating, we find 

(16^ + 4a? + x')i=rx{l + a?)i + log [x + ^{l + ix?)} + C. 

This then is the general expression for the singular solu- 
tions of the given differential equation. We see that it in- 
volves in its exprAsion one arbitrary constant. 

• 

The differential equation (9) may properly be termed a sin- 
gular first integral of the given differential equation. The 
singular first integral (9) has itself also a singular solution, 
viz. 

yss. — ar XI 
4 16 ' 

but this is not a solution of the original differential equation. 
Nor have we any right to expect that it should be so. A 
singular solution of a differential eqliation of the first order 
does not necessarily satisfy the differential equations of higher 
orders derived from that equation. Chapter xxii. Art. 7. 

2. It remains to establish the theory of the derivation of 
the singular solution from the differential equation without 
the mediation of the complete primitive. 
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Resuming the differential equation in its reduced form (1), 
and representing its second member by (f>, suppose an infini- 
tesimal variation given to the arbitrary constants of its com- 
plete primitive, and let the symbol 8 be used to denote the 
corresponding derived variations of y, y^, ...y^. Then we 
have 

"^ dx dx ' "* da? dx^ ' 

and 80 on. Hence, substituting and transposing, 
^ d^ dr^ d4> d'^-^h, 

Let us consider the real nature of this equation. 

If a value of y, suppose y = '^(x), satisfy the given differ- 
ential equation, that value substituted in the coefficients 



'n-2 



of the above equation will convert them into functions of x, 
and the equation itself will become a linear differential equa- 
tion, the solution of which will determine Bu as a function of 
OS. If the differential equation (10) be really, as it is appa- 
rently, of the n**^ degree, By will have n arbitrary constants, 
«ii • • • «n> ^^^ will be of the form 

Pj, P„ . • . P^ being functions of x. Hence 

y + By^ylt{x) + aJP,... + a^P^. 

We see thus that the given solution y='^{x) will be a 
particular case of this general integral involving n constants. 
Xt will therefore be a particular integral of the proposed. 

4—2 
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If, owing to the constitution of its coefficients, the differential 
equation (10) be of the degree » — 1, we shall have 

and y = '^0^) will then be a particular case of a solution 
involving w — 1 arbitrary constants. It w^ill therefore be a 
singular solution of the first order. Even so, if the differen- 
tial equation* (10) be of the degree w — 2, jr = '^(a?) will be a 
singular solution of the second order. And generally, if 
the differential equation be of the r^ degree, y = '^{x) will be 
a singular solution of the order ^ — r. 

Besuming the equation (10) it is evident that.it cannot 
be of the degree w — 1, unless -r^ be infinite. For, dividing 

by -T-^f we have 

in which the first term does not vanish unless rr-^ be infi- 

nite. This then is the necessary condition for a singular 
solution of the first order. For one of the second order we 
must have in like manner 



d(f> d<^ 

and so on» 



CO,, -7-i— = Qo; 



It follows hence that to find the singular solutions of a 
differential equation of the n^ order, we ought to differentiate 

the equation, regarding y, -^ , -^ , &c» as varying through 

the variation of the arbitrary constants, to form in this way 
a linear differential equation for Sy, to examine the conditions 
under which this equation reduces to the (n — l)***, or to a lowei' 
degree, and to examine whether the most general relation be- 
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tween x and y which satisfies such condition, satisfies also the 
g^ven differential equation. If so it jnaj be regarded as a 
singular solution* 

Besuming the last Exan^ple, viz. 

y ''dx^2'^(b? W) [dx "dx")-^' 
and operating with B we ha^e 

which reduces to a linear differential equation of the first 
order for determining Sy, provided that we have 

EU,ni»ring g ftom tke gi™. eq,»tio. by me^a of thU 
there results 

and we find on differentiating this that it does constitute a 
solution of the given equation. It is therefore a singular 
first integral of that equation. We see tha:t it agrees with 
4;he result obtained <Tmder the same name in the previous 
Article, and the rest of ithe solution seed not be repeated. 

3. Upon Legendre's theory, and upon its results, the fol- 
lowing oDservations may be made. 

1st. We learn from it that there mity exist ^ different 
general forms of the solution of a differential equation of the 
n^ order, viz. the complete primitive involving n arbitrary 
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constants, and general forms of singular solutions containing 
fewer than n arbitrary constants* A solution y = '^{x) of 
unknown origin beine given, we construct a differential equa- 
tion for determining oy, and, solving it, form the expression 
for y+Sy, and from the' number of infinitesimal arbitrary 
constants it contains, determine the nature of that general 
value of y of which the given value is a particular case. 
Now we are not to infer from this that the form of y+Sy will 
be the same as the general value of y in question. But we 
may infer that it will be a form to which that general value 
is reducible. And the actual reduction will be effected by 
expressing the general solution (as is always possible) in a 
form permitting its expansion in ascending powers of the 
arbitrary constants, and in the expansion making these con- 
stants infinitesimal, and rejecting all powers of them above 
the first. In fact, if 

be any general form of solution which, when we assign to 
a^y a^j.^.a^ particular values (e.g. make them vanish) re- 
duces to 

then we shall have 

the brackets denoting that after differentiation we make 
a^, a,, ... a^ vanish. 

This is that limiting form of the solution which Legendre's 
method enables us to construct by the solution of a linear dif- 
i'erential equation ; and the ground of the suflSciencjr of his 
method consists in this, that the infinitesimal quantities 

oa^y ca^^ ... o(Zf,y 

which are in fact the arbitrary constants of that solution, are 
equal in number to the arbitrary constants of the general 
unlimited solution, the nature of which is thus made known. 
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2ndly. Legendre's tests for differential equations of the 
higher orders are in kind and effect analogous to the tests 

dp ^ d 1 ^ 

dtf" ' dxjp" 

for differential equations of the first order. They enable us 
to decide whether a solution possesses singularity, not whether 
it possesses the envelope species of singularity. The comple- 
tion of Legendre's theory would consist in the discovery of 
those farther tests dependent upon integi-ation which corre- 
spond to the test of Euler and Cauchy for differential equa- 
tions of the first order. 
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CHAPTER XXIV. 



ADDITIONS TO CHAPTER ^IV. 



[Art. 1 was intended to follow Gtap. xiy. Art^.] 

1. As the condition of dependence of functions of two 
variables is of fimdamental importance in connexion with the 
theory of ordinary differential equations, so the generalized 
condition of dependence of functions of any number of vari- 
ables forms a fundamental part of the theory of partial differ- 
ential equations. This is contained in the following proposi- 
tion. 

Prop. I. If w,, t«,,...tf« are functions of w^j a?„...a?^, 
but are as such so related that some one of them is expressi- 
ble as a function of the others, or more generally that there 
exists among them some identical equation of the form 

^(wj,w„...wj=0, (1), 

so that as functions o( x^, x^j .,.x^ they are not mutually 
independent, then, adopting the notation of determinants, the 
condition 

du^ du^ du^ 

dx^'* dx^ dx^ 



du^ du^ du^ 



dx^^ dx^' dx^ 



du^ du. 



dx^^ dx^' 



du^ 
dx. 



= 



(2), 



is identically satisfied. Conversely, if the above condition be 
identically satisfied, the functions w^, w^, ... w^ are not mutu- 
ally independent in the sense above explained. 



= 0, 
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First let it be noticed that the Proposition is hut a general- 
ization of that of Chap. ii. Supposing ?7 and <u ,to be two 
ftinctions of x and y, the condition of their dependence is 
affirmed to be 

dU^ dU 

dx'^ dy e 

du du 
dx^ dy 

i. e. it is the result of eliminating db, Jy, from the equations 

dU. dU. ^ 

du jj du -, 

and therefore it is 

dU du dU du ^ 
dx dy djif -dp^" ^ 

as expressed in Chap, ii, 
"V^e proceed to .the general demonfi^tioiu 

Let the first memb^ of (1), considered as a ftinction of 
Wj, Wj, ... u^ be represented for brevity by jf^ thai differen- 
tiating, we have 

from which it follows that if Juj, cfw,, ... cfo^j are equal to 0, 
then is du^ equal to 0; or, since u^^ t(L> •- ^n ^^ functions of 
XT., ^„ ...«.„ that if 






dbj 



(3), 
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[CH. XX^T. 


then is 






(4). 


Thus the last n equations, linear with respect 


to 


4 • 1 1 , ^ jI n t At ^ xV _ 


i» 1? 



are not independent, and therefore by the theory of linear 
equations the determinant of the system vanishes identically. 
Now this is expressed by the condition (2). 

It remains to prove the converse, viz, that if the condition 
(2) be identically satisfied, the functions w^, w,, ... w^ will not 
be mutually independent. 

First, the w — 1 functions t^. , t/,, ... w,^ are either mutually 
independent or not mutually independent. 

If not, then the n functions w^, w,, ... u^ are not mutually 
independent, and the Proposition to De proved is granted. 

If Wj, w,, ... w^j are mutually independent as functions of 
ajj, a?,, ... aj„, they may be made to take the place of w — 1 of 
these quantities, e.g. oj^, a?,, ... x^^ in the expressing of k^, 
i.e. we may, by means of the expressions for Wj, w,, ... w^^, 
eliminate ^om that of u^ the quantities a;^, a?,, ... a;^^, and so 
express t^^ as a function of w,, w^, ...w^_j anda;^. Suppose 
this done, then the system (3), (4) will be converted into 

du.=0, rfw, = 0, €?M^.=:0, 

^du4^^du 4-^du 4-^daj=0 
du,^^du,'^''''''^du^,'^'^dx,'^^-^' 

Now, the determinant (2) vanishing, the equations of the 
linear system (3), (4) are not independent ; therefore those of 
the transformed system, as written above, are not independ- 
ent; therefore the last equation of that system must be a 
consequence of the others which manifestly are independent. 
But from the form of that last equation we see that such can- 
not be the case imless we have 
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which implies that u^ is a function of w., w,, ... u^^ merely. 
Hence the functions Wj, w,, ... w« are not independent, as was 
to be shewn. 

The first member of the equation of condition (2) is com- 
monly called the functional determinant of m^, w^, ... w„ with 
respect to a?^, a?,, ..•a?,!^ The proposition may therefore be 
expressed as follows. 

The condition of dependence or independence of any sys- 
tem of functions of as many variables is the vanishing or 
non-vanishing of the functional determinant of the system. 

On account of the ^reat importance of this proposition it is 
desirable to illustrate it by an example. 

Ex* Are the functions 

x + 2y + z, aj-2y4-3«, 2anf - xz + iifz - 2z* 
mutually independent or not? 

The equation of condition is 

1, 2, 1 

1, -2, 3 =0, 

2y^Zy 2a? + 4j», — aj + 4y — 4« 

that is, 

- 4 (- a? + 4y - 45f) + 8 (2y - i») - 2 (2aj + 45) = 0, 

which is identically satisfied. Hence the functions are de- 
pendent* In fact, representing them by u^ v^ tOy we have 

[Art. 2 was intended to follow Chap. xiv. Art. 4.] 

2. As it has been shewn that a primitive 

u^<f>{v) (1) 

leads to a linear partial differential equation of the form 

Pp-{rQq^B (2), 
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provided that u = a, -t? = i, are integrals o( the syBtem of ordi- 
nary differential equations 

dx^dy dz .^. 

T'"q^R ^^^' 

it is evident that we shall obtain a solution of the partial dif* 
ferential, equation. (2) by constructing the system of ordinary 
differential equations (3), deducing their ^general integrals 

and then constructing from these the primitive (1). 

^ But the question arises, Will this be the most general solu- 
tion of the partial differential equation given? 

That it will be so, may be shewn by nieans of the general 
proposition. See Art. 1. 

For let w = represent any solution whatever of the given 
partial differential equation* Differentiating this with respect 
to X and y, we have 

idw dw __ dw , dw ^ 

dx dz^" ^ dy dz^"^ ^ 

substituting the values of p and j formed from this in the 
given equation, we have 

(IX ay az 
which must be identically saftaafied. 

In like manner, w = a, «m= 6 being solutions of the same 
equation, we find 

dx ^ dy flte * 
which must be identically satisfied. 
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Elimmatin^ P^ Q, R ftom these three equations, it results 
that the functional determmemt ofwjU, v, with respect to x, y, z, 
will identically vanish. Hence w ia v^ function of u and t;, 
and the equation t(r = is a' particidar case of 

F(u, v) = 0, 

which is thus shewn to be the general integral of the given 
equation. 

We' are thus Ie3 to the following general Rule. 

HuLE. To tntegrate iHe' eqttation Pp-^- Qq=^R we mvst 
form the system of ordinary differential equations 

dx ^dy ^dz 

« • > "^ , , 

dedvfie their general integrals in the form 

u=ia^ i> = 6, 

iind construct tJie equatwn 

F{u, v) = 0. 

This will be the general solution sou^t. 

[Art. 3 was intended to follow Chap. xiv. Art. 5.] 

3. The above theory mar be extended to linear partial dif- 
ferential equations of the nrst order, without regard to the 
number of the variables. 



• t ^ • .♦ 



First, the theory of the genesis of such, equations is ex* 
pressed iu the following proposition. 

' Pbop« a primitive equation of the form 

F{u^, tt„ ... w^) = (1), 

Ill which Wj, Wg, . ..w„- are any given functions of the vari- 
ables z, dependent, and x., x^, ... a?„.indej)endent, will satisfy 
fhe linear partial differential equation obtained by eliminating 
dz, dx^f dx^f ... i2ci?„ firom 
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expressed as total difierential equations with respect to the 
primitiye yariables, and the equation 

dz -^jp^dx^ — ;?jda?, ... — ^»da?^ = 0. 

Of this important proposition I propose to give two distinct 
proofs. 

1st proof. Forming the total differential of the given 
equation we have, on representing its first member by F^ 

dF J • dF y . dF J 

Now this cannot be true for all forms of the function unless 
we have the separate conditions 

dw^=0, dw, = 0, du^ = 0. 

Strictly to prove this, suppose JF^j, i^, . . . i^ to be any n 
distinct and independent functions of w., Wa,...w», and as 
such, distinct and independent forms of F, Then the above 
equation gives 

dF^y dF^j dF^j 



dF^jj dF^j .dF^j 



Now F^y F^^...F^ being independent, their functional 
detenninant with respect to Wj, w^.-.w^j does not vanish. 
This again is the condition necessary and sufficient that tha 
above system of linear equations may be independent ; and 
this lastly being the case, their only possible solution mil be 

du^ = 0, (j[w, = 0, dM» = 0, 

• as was to be shewn. 
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- These ec[uations in their, developed expression 

^dx +^&-0 

• •••••••• •••••••• •••••••••••••••••••••. .^ 

d^,^- +-^'^ = ^' 

enable ns to determine the ratios of dx., dx^. ... (£v«, dz in 
the form 

dx. (&« <&?- dz .. 

X, X, ••• X, B • ^"^^ 

•where X^, -X,, ...X^, JB are functions of the original vari- 
ables. And now, forming the equation 

and eliminating the '^differentials, we find 

for the partial differential equation sought* 

2nd proof. Differentiating the given primitive with respect 
to a?p as contained explicitly in the functions w, , w„ . . . w^, and 
also implicitly in the same through z, we have, on represent- 
ing the first member of the equation by F^ 



§Ffdu^ du\ dF (du^ du\ 

duXdxJ P^ dz)'^ duXdxJ^' dz) '-' 



.dFfdu^ du\ 



or 



smee 



dF du, dFdu^ +^^4.^ 

duj^ dx^ du^ dx^ "* du^ dx^ dz ^* ' 

dFdu^dFdu^ .^^^^ 
du^ dz du^ dz *** du^ dz dz * 
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Differentiating thos with respeet fo the remaining inde« 
pendent variables, we obtain finally the system 

(EP du. , dF du^ , dF du^ ' dF 

rfttj dx^ du^ dx^'" du^ dx^ dz^^ ' 

dF^du^ dF^du^ ,^^,^ ^^ 



du^ dx^ du^ dx^ 



du^dxj dz 



dF^da^ dF[du^ .dFdu^dF 
d^.dxj du^l^^''^'^ du^dx^'^ dz^'^'^ ' 

from which, in combination with the equation 

dF du, dF du^ . dF du^ dF ^ 
dUj^ d& du^ dz *'* du^ dz dz * 



we can eliminate 

dF dF 
du,' du^' 

The result will be 

du. du^ 



dF^ dF 
duj d»' 



du^ 



dx^* dx^ dx^ 



Pi 



in 



du^ du^ 
dxj dxS 



du^ 
dxjP* 



du^ du^ du^ 

dz ' dz ^••*** dz 



,-1 



«0r 



or, converting rowa into columns. 






du^ du^ 


du^ 


du. 




dx^' dx^'"" 


"dxj 

• 


dz 




du^ du^ 


du^ 


dtt. 




dx^^ dxg'"'* 


"dxj 


dz 




Pt9 Pi^ ••••-•^i^nJ 


-1 



= 01 



1 
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which is the detenninant form of the result affirmed in the 
proposition. 

The second of the above forms of demonstration seems to 
be preferable to the first, in that it rests only upon the consi- 
deration of the one general form of the function F. I have, 
however, given the two proofs, chiefly in order to illustrate 
an important remark, viz. that, in nearly all general re- 
searches connected with partial differential equations of the 
first order, two modes of procedure, the one involving the 
use of differentials, the othei: that of differential coefficients, 
may be employed, and that between the forms to which these 
respective modes give rise, a certain law of reciprocity will be 
found to exist. 

The theory of the solution of the partial differential equa- 
tion 

follows immediately from that of its genesis. K we repre- 
sent by 

the integrals of the system of ordinary differential equations 
(2) a solution of the given partial differential equation will 
be represented by (1). That this will be also the most gene- 
ral solution may be shewn by the argument of Art. 1. For 
a w=^0 represent any solution, then since 

dw ^ dw ^ dw ^ dw . 

^/^'^=^' ^.+^-^=<^' 

we find 

^dw ^dw , TT ^w? p t?M? _ 

from which, in combination with the corresponding equations. 






B. D.E. II. 
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eliminating X, X^, ... -X],, jB we obtain a result which ex- 
presses that the functional determinant of w, t^, ... t^^ with 
respect to the original variables is virtually 0. Whence w is 
a function of w^, Wj, ... «„, and the proposed solution is in- 
cluded in the one to which the above method of solution 
leads. 

That method maj therefore be stated in the following Bule. 
BULE« To integrate the linear partial differential equation 

^»^+^^. •••■*■ ^'^.^^ 

form the system of ordinary differential equations ^ 

dx^ dx^ dx^ dz 

and deduce their general integrals 



then 

mil he the general integral sought. 



[The general observations were intended to follow Chap. 
XIV. Art. 6.] 

General observations. 

4. The relation which exists between a proposed linear 
partial differential equation and its auxiliary system of ordi- 
nary differential equations should be carefully studied. While 
it is pro|)er to sav as above that the general integral of the 
one requires the knowledge of all the integrals of the other, 
it is also proper to describe that general integral simply as 
the most general form under which an integral of the auxi- 
liary system can appear. K 

are integrals of that system, then 

F{u^,u^,...u^)^A 
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is the one general form of an integral of that system, and 
due regard being had to the arbitrariness of F^ this is eqiu- 
valent to 

F{u^, w,, ... w„) = 0. 

5. ^ The form which the auxiliary system assumes when 
the given partial diflFerential equation is deficient in any of its 
terms should be noticed. 

If Xj = 0, the auxiliary equation 

bec6mes, on clearing of fractions, 

And thus, if X^, X^, ... X^ Vanish, the given equation being 

the auxiliary system will be 

dicj = 0, (&2 = 0,...&v = 0, 

and the integrals of this system being of the form 

Wr+i = «^+lJ W|.= «n> 

the general solution of the given equation will be 

F{X^, X,, W,^p «n) =0. 

This conclusion would follow also from the principle laid 
down in Chap. xiv. Art. 2. 

Linear partial differential equations in which the absolute 
term is wanting, and which are therefore of the form 

y. dz ^ dz , XT ^^ A 

5—2 
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may he termed homogeneous. As in this case one of the 
auxiliary equations is 

the general integral will be 

F{u^,u^, w^i,«) = 0, 

Wj, Wj,....., w^i being found by the integration of the remain- 
ing auxiliary equations 

•y — '-y • •• — -y * 

When Xj, Xg, -X„ do not contain z, the solution is best 

exhibited in the form 

I. ■ 

6. Every linear partial differential equation can be converted 
into a homdgenequs one containing one additional variable. 
For it is shewn in Art. 3, that if w = be any integral of 

^ dz ^^ dz ^^ dz ^ 

then is 

^ du ^ du. du ^du 

a homogeneous equation with a new variable* 

From the general integral of this equation, that of the 
former one may be deduced by making w = 0. 

7. The solution of partial differential equations is some- 
times facilitated by introducing a new system of independent 
variables. The actual transformation is greatly facilitated 
by the following symbolical theorem. 

Theorem. If the partial differential equation 

yr dz ^ dz , -y dz ^ 
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be expressed symboKcaUy in the form 

A;? = X, 
in which 

then, if yi, y„ y« he a new system of independent vari- 
ables given in expression as functions of the old ones, the 
transformed equation will be 

(Ay.)|+(Ay0|... + (A,0|; = X 

For, regarding j? as a function of yj, y^, y«» we have 

dz _ dz^ ^ dz^ dy^ dz dy^ 

dx^ " dy, dx, dy^ dx, '" dy^ dx, ' 



dz __ dz dy^ dz dy^ dz dy^^ 

dxj'dy.dx^ dy^ dx^"' dy^ dxj 

whence, substituting in the given equation we find, as the 
total coefficient of -j- , the expression 

ydy J. dy^ ^ dy^ 

or symbolically, Ay,; and so on for the other coefficients. 
The result then is 

It remains only after calculation of Ayj, Ay,, Ay^, as 

functions of a;,, a;,, x^^ to express these lunctions and X 

in terms of y,, y,, y^. 

[It appears from the manuscript that an example was to 
have been supplied here.] 
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[The next Article may be considered supplementary to 
Chap. XIV. Art. 10.] 

Singular Solutions of partial Differential Equations. 

• 

8. Legendre's theory developed in Chap, xxiil. for ordi- 
nary, may be applied also without essential change to partial, 
differential equations. Eegarding the independent variable 
z as receiving an infinitesimal «hange Bz through infinitesimal 
change, not in the values of the independent variables 

a?j, a?2> •••••• ^»> 

but in the values of the arbitrary constants of the complete 
or in the forms of the arbitrary functions of the general inte- 
CTal, and performing unon the given equation the operation 
denoted by S, we shall obtain a linear partial differential 
equation for determining the general value of Sz corresponding 
to any particular given value of z. If that linear equation be 
of a lower order than the differential equation given, then the 
equation expressing the value o{ z + Bz will be a limiting 
form of a solution less complete or less general than the com- 
plete or general solution of the differential equation given, 
and the given solution, formed by making the infinitesimal 
constants in the limiting form actually 0, will be singular. 

Conversely, to deduce singular solutions without the know- 
ledge of the complete or the general integral, we ought to 
construct the equations of condition for the reduction of the 
equation determining hz to a lower order than the equation 
given, and the most general solution of the differential equa- 
tions of condition so formed, will be the most general expres- 
sion for the singular solutions of the differential equation 
^ven. 

Ex. (pa? — jy)'j4-4wx'(2f — a?p) = 0, 

in which 

dz __ dz 
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Representing the first mem'ber of the equation by F^ we 
have, on operating by S, 

dp dx dq dy dz "~ ' 



and the conditions 



dF ^ dF ^ 



necessary to reduce the equation for hz to a lower order give 

{px - qy) q — 2ma? = Q, 
{px - qy) {px - Sjy) = 0. 

From these we find 

p =r 3m*a?*y*, J = m^x^y'^ 

definite and simultaneous values of ^ and j, which being sub- 
stituted in the given equation lead to 

z = 2m*a?*y*, 

and this, as it gives the same values of p and q as those 
obtained before, will necessarily satisfy the given equation. 
It is therefore a solution, and from the nature of the analysis, 
a singular one. 

Legendre shews that this singular solution is also dedu- 
cible from the general integral of the given partial diflferen- 
tial equation. That integral is the result of the elimination 
of a from the two equations 

{^ {a)Y — 2ax^ (a) + az — mosy =: 0, 

(^ (a) - ax] ^' (a) - 2aj^ {a) + z — 0. 

To deduce the singular solution he supposes (j> (a) to be not 
simply a function of «, but a function of a and of one or 
both of the independent variables. He expresses the varia- 
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tion o{ 6{a) derived from this new source by 8, and operating 
on the nrst equation with S, finds 

{2^ (a) - 2aaj} S^ (a) = ; 

therefore ^ (a) = ax. 

Substituting this in the equations of the general integral, and 
eliminating a, we find 

z = 2m*aj*y^ 
as before. 

Legendre states his theory of the derivation of the singular 
solutions of partial differential equations from the equations 
themselves with great brevity, but still as a general theory. 
And there is nothing in the statement that carries with it any 
apparent restriction upon either the order or the degree of the 
equations given. Until however we are in possession of a 
perfect theory of the genesis of partial differential equations 
we shall not be entitled to say that Legendre's theory of 
their singular solutions is a perfect one; for until then we 
cannot even define, in a perfectly general way, the nature of 
the operation denoted by 8. 
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[The next three Chapters all relate to the subject of partial 
differential equations of the first order. The manuscripts do 
not appear to have received their final revision from Professor 
Boole. It is certain that he intended the contents of Chapter, 

XXV. to form a part of the new edition; and it is highly 
probable, although not certain, that the contents of Chapter 

XXVI. and Chapter xxvii. were also to be included. 

I 

The three Chapters are mainly derived from two memoirs 
by Professor Boole, published in the Philosophical Trans- 
actions. 

The first memoir is entitled On Simultaneous Differential 
Equations of the First Order in which the Number of the 
Variables exceeds hy more than one the Number of the Equa- 
tions: it occupies pages 437 •••454 of the Philosophical Trans- 
actions for 1862. 

The second memoir is entitled On the Differential Equa- 
tions of Dynamics. A sequel to a Paper on Simultaneous 
Differential Equations: it occupies pages 485... 501 of the 
Philosophical Transactions for 1863. 

The first memoir was finished before Professor Boole had 
seen Jacobi's researches, which are cited at the beginning 
of Chapter XXVi; these researches indeed could only just 
have been published. In his second memoir Professor Boole 
describes Jacobi's methods, refers to his own already pub- 
lished, and points out the nature of the connexion between 
them.] 
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CHAPTER XXV. 

ON SYSTEMS OF SIMULTANEOUS LINEAR PARTIAL DIFFEREN- 
TIAL EQUATIONS OF THE FIRST ORDER, AND ON ASSO- 
CIATED SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS. 

1. The term simultaneous is here applied to a system of 
partial diflferential equations, to signify that in that system 
there is but one dependent variable, the general expression 
of which, as a function of the independent variables satisfy- 
ing all the equations at once, is the object of search. All 
linear partial differential equations of the first order being re- 
ducible to the homogeneous form, we shall presuppose this 
reduction here. Under this form indeed the problem actually 
presents itself in Geometry, in the theory of partial differential 
equations of the second order, and in Theoretical Dynamics. 

We are sometimes led, in connexion with the S8.me class 
of inquiries, to systems of ordinary differential equations 
marked by the peculiarity that the number of the variables 
exceeds by more than one the number of the equations. Such 
systems are intimately connected with the former — stand 
to them indeed in a similar relation to that which the 
Lagrangean auxiliary system bears to the single partial dif- 
ferential equation from which it arises. The theory which 
explains this connexion, and grounds upon it the method of 
solution of both systems will form the subject of the present 
Chapter. 

Connexion of the Systems. 

2. Prop. I. The solution of a system of simultaneous 
linear partial differential equations of the first order may be 



ART. 2.] LINEAR PARTIAL DIFFERENTIAL EQUATIONS. 75 



made to depend upon that of a system of ordinary differential 
equations of the hrst order in which the number of the vari- 
ables exceeds by more than one the number of the equations. 

The system of partial differential equations being reduced 
to the homoffeneous form, Chap. xxiv. Art. 6, let n be the 

number of the equations, x^, a?,, a?,^ the independent 

Tariables, and P the dependent variable. 

Then from the n given equations determining 



dP dP 
dx^ ' dx^ ' 



dP_ 
dx^^ 



we obtain an equivalent system of equations which, by trans- 
position of its terms to one side, assumes the reduced form 



HXy UXff,^ 



'*dx. 



■\-A,.-. — = 



ir 






doi, 



«4r 



+ ^.^=0 



ir 



dx. 



«+»• 






+ ^, 



'«+i 



«+« 



dP 

dx. 



(1), 



»M-r 



»J 



Multiplying these equations by the arbitrary constants 

\> \j \ 

respectively, and adding the results, we have 



+ 



dP 



dx. 



«M-1 



dP 



+ (^A„ + \A„ +KA„) T-^ = 



dx. 



(2), 



n^ 
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a Single partial differential equation which, on account of the 

arbitrariness of X,,X^, \«, is equiyalent to the system 

from which it was formed. 

Of this equation the Lagrangean auxiliary system will be 






dx^ 



^n^t 



X,-4,i-|- Xgi4^i ....•• + X«^«i 



^n4r 



Mir + Mir ^K^nr 



(3), 



whence, eliminating X,,X,, \j we have the system of 

ordinary differential equations 

^n+i - -^i Ai - -4. As •— -^«A« = 0" 
dx^-A.^^-A^dx^.^.-A^dx^^^O . ,^x 

• •i»4 • i • 

dx^ - AAi "" •^•A. •— "-^«-^« == ^ - 

These equations being included in the previous system (3), 
any integrals 

u = aj t? = J, w^Cy &c. 

of them will be integrals of it. Therefore w, v, «(?, ... will be 
values of P satisfying the partial differential equation (2). 
For they will be the only values which can satisfy it inde- 
pendently of Xj, X,, X^. Hence they will satisfy the 

e(][uivalent system (1), and the general integral of that system 
will be 

^'(m, V, IT, ...)=0 (5), 

the form of F being arbitrary. 

Thus the relation of the system (4) to the system (1) is the 
Bame as the relation of the auxiliaiy system of a single linear 
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partial differential equation to that equation. And the ground 
of this relation is seen to be the same in both cases. The 
one form necessitates the other. 

3. Instead of employing the above mode of deducing 
the auxiliary system, we might employ the following which 
is practically more convenient. 

Since any value P which satisfies the partial differential 
equations determines P=c as an integral ot the ordinary sysr 
tem, the latter must be consistent with dF=0 in its de-^ 
veloped form 

^^dx, + ^dx, +^^^ = 0. 



'2 n+r 



■r,,. . ^. dP dP dP 
Elimmatmg ^, ^, ^^ 

by means of the n given equations (1), we have 
dP 

dP 

1144 



dP 

Whence, equating to the respective coefficients of 

dP dP dP 

^n+i' dx^^' dx^' 

we have the system (4). 

In the same way we can pass from the system of ordi- 
nary to that of partial differential equations. From the equa- 
tion dP^ 0, in its developed form, we must eliminate a number. 
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of differentiaU cZr,, <&,, ... equal to that of the giv^ equa^ 
ttonsy and then equate to the coefficients of the remaining 
differentials. 

4. Lastly, the formal connexion of the two systems should 
be noticed. The partial differential equations being given in the 
reduced form (1), the ordinary system may be constructed as 

follows : For any differential coefficient, as -^ — , in any 

column after the first, write the corresponding differential 
dlr^j, subtract from this the sum of dx^^ dx^, dx^^ mul- 
tiplied respectively by the descending coefficients of that 
column, and equate the result to 0. The system of equations 
thus successively formed will be the auxiliary system sought. 

The transition from the ordinary to the partial system may 
be effected by the same rule, substituting only differentials 
for differential coefficients. 

[It appears from the manuscript that an example was to 
have been supplied here.] 

Up to this point the theory of systems of partial different 
tial equations is in analogy with that of single equations. 
But here a difference arises. We do not kno^/^T beforehand 
what number of integrals a system of ordinary differential 
equations, in which the number of variables exceeds by more 
than one the number of the equations^ admits. 

The theory which removes this difficulty will be developed 
in the following sections. It will be shewn that a system of 
linear partial differential equations which admits of solution 
by the assigning to the dependent variable a value which 
satisfies all the equations in common, must either itself satisfy 
a certain condition, or be capable of being developed into a 
new but equivalent system which will satisfy that condition. 
It will be shewn that when that condition is satisfied, the 
auxiliary system of ordinary, is capable of expression as a 
system of exact differential equations determining the inte* 
grals sought 
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It will be found convenient to express by a single symbol 
the aggregate of the operations to which the dependent vari- 
able is subject in the expression of a partial differential equa- 
tion. Thus the equation 

dz dz dz ^ ^ 
dt dx ^ dy 

may be expressed in the form 

A^ = 
if we assume 

" dt dx ^ dy* 

Under this convention the following proposition is to be 
understood. 

5. Prop. II. If AP = 0, A'P=0 represent any two 
homogeneous linear partial differential equations of the first 
order, then will 

(AA'-A'A)P=0 

also be a homogeneous linear partial differential equation of 
the first order, and it will be satisfied by all the common 
integrals of the equations from which it is derived. 

First, the equation will be linear. For, let a?, y represent 
any two variables whatever, or the same variable repeated, 
out of the set x^ .... a?„, and let -4, B represent any functions 
of the variables x^ .... a?». Then A may be represented by a 

series of terms of the form A -j- , and A' by a series of terms 

of the form B -j- . Hence (AA' — A' A) P can be expressed 
by a series of terms of the form 



dx\ du) dy\ dxj ' 
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whicli, on effecting tlie differentiations, becomes 

dx dy dy dx* 

the terms containing the second differential coefficients of P 
mutually destroying each other. Hence the equation 

(AA'-A'A)P=0 

will be a homogeneous linear partial differential equation of 
the first order. 

^ The constitution of the coefficients of this equation is easily 
determined. For suppose the given equations to be 

80 that 

J d. J d Ai -n d , -n d 

^=^«^ +^-^«' ^=^'^, +^-^,' 

then the equation 

(AA'-A'A)P=0 

may be written in the form 

^(b —+b— +B—] 
-A'(a^ + A^ +a^) 

^ [■^'dxj^'dx,-""^^''dxj' 

and, since terms ii)«rolving second differential coefficients of 
P will disappear, this becomes 



+ (A5.-A'A)g = 0. 



v^"' 



ART. 6.] EQUATIONS OF THE FIRST ORDER. 81 

We see from this that the form of the result is the same as 
if the A or A' from either equation operated only on the coeffi- 
cients in the other equation. 

Secondly, the above equation will be satisfied by all the 
common integrals of the equations from which it is derived. 

For, let <^ = c be a common integral of 

AP=0 and AT = 0, 
then 

A<^ = 0, A'<^ = 0. 

Performing on these the respective operations A' and A, 
operations which involve only differentiation together with 
algebraic processes, we have 

A'A<^ = 0, AA'<^ = 0, 

whence, by subtraction, 

A A'<^ - A'A^ = 0, 

or (AA' - A'A) <^ = 0, 

from which it appears that j> is also an integral of the 
equation 

(AA'-A'A)P=0, 

as was to be shewn. 

6. Prop. III. If by the above processes of reduction and 
derivation we convert a system of partial differential equa- 
tions into a new system, such that if expressed in the form 

A,P=0, A^=0, A^P=0, 

the condition 

(AA-AA)-P=o 

shall for each pair of equations be identically satisfied, then 
the system of ordinary differential equations corresponding 
to this new system will admit of reduction to the form of 
exact differential equations, the integration of which will 
enable us to construct the general value of P satisfying the 
system given. 

B. D. E. II. 6 
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Ist. Suppose the given system of n equations reduced to 
the form (1), marked by the peculiarity that n of the differen- 
tial coefficients appear only in successive equations and with 
the coefficient unity. Then taking any two of those equa- 
tions (we select the first two), we have 

^'-^,+^"^ "^^"^^Z 

A ^ A ^ A. A ^ 

from the forms of which we see that the derived equation 

(A,A, - A,A.) P = 

cannot contain either 

dP dP 
^— or -J- . 
dx^ dx% 

It can only, as appears from Art. 5, contain the differential 

coefficients 

dP dP 



and must be of the form 

jB^^B-^^ +5— =0. 

'dx^^ ^'dx^ ""dx^ 

It cannot therefore be an algebraic consequence of any of the 
equations of the system (1) from which it was derived. It is, 
unless by the vanishing of J?j, .... J?^ it present itself as an 
identity, a new equation algebraically independent. Com- 
bining this with the former ones, we have a system of n + 1 
equations admitting of the same reduction as to form fol- 
lowed by the same subsequent process of derivation. And 
the result of each of these completed steps is to convert the 
system into one containing one equation more than before; 
but containing in each of its equations one term fewer than 
before. The process must then end either in.the genesis of a 
system of partial differential equations such that the further 
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application of the process of derivation of Prop. II. shall only 
lead to identities, or in the emerging of the system 

— = — = — = 

dx^ ' dx^ ^ dx^^ 

The latter supposition would imply that P is a constant 
The consequences of the former we proceed to examine. 



The final system of linear partial differential equations 
will be of the same type (I) as the original system, out will 
differ from that system in that n will be increased, and r 
diminished by the same amount. We shall therefore simply 
state the form (1), only under the condition 

(A,A,-AA)P=0, 
and with the altered valaes of n and r. 

First, then, the common integrals of the new system will 
be the same as those of the original system. This is evident 
from Prop. Ii. 

Secondly. If we write 

m = n + r, 

the first equation of the system (1) will be 

dP J dP . dP _L J ^^ - A 

^^ ''d^^^ ''d^. ^^^'^■"^' 

and the auxiliary Lagrangean system of this will have w — 1 
independent integrals 

amopg which the n — 1 known integrals (Chap. xxiv. Art. 5) 



a?j — Cg, a?g — Cg, x^ — c^ 



6—2 
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are included. And the general value of P satisfying the 
above first equation will be 

The assumption P=^x^ would not satisfy the said equation, 
for it would lead, on substitution, to 1=0. Hence we infer 

that while the functions w^, u^^ u are independent with 

respect to each other, they are also independent with respect 
toa?i, so that the m functions Wj, w, w^j, ajj, are mu- 
tually independent in the sense explamed in Chap. xxiv. 

Let us now transform the equations of the system (1) after 

the first by introducing w^, u^, w^^, x^ as independent 

variables. Those equations being 

A,P=0, A,P=0, 

the result of the transformation will be (Chap. xxiv. Art. 7) 
/A s^P , /A \^P , /A \ ^P , rK \^P « 



/A \dP , ,K \dP , ,. V dP ,. .dP „ 

(^••"•) du^ (^""^) d^ + (^-"-^ 5^+ (^-"'^ d^r""- 

But P = x^ being an integral of each of the equations of 
the system (1) except the first, as appears from their forms, 
we have 

Aa^i = ^» A„a;, = 0, 

thus the last terms in the transformed system vanish. Further, 
the coeflScients of the remaining terms reduce to functions of 

^1,^2, u^_i merely. For, considering the coefficient A^u^ , 

we have 
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which, since A^Wj = reduces to 

A^A.Wj = 0. 

Hence A,w must be a solution of AjP=± 0, and therefore a 

function of w, , u^^ ^m_i« And so for the others. It 

results therefore that the transformed system is 

/A \dP /A sdP ' . . dP ^ 



(^-"') ^ + ^^«»^ rfii; +(^-"-) ^c:= '' 

Wj, Wj, w^j being the oo^waZ independent variables of the 

system. 

But the transformation having involved no loss of gene- 
rality, for a new system of m independent variables was 
simply substituted for an old one, the condition 

(AA-AA)^=o, 

satisfied before, will continue to be satisfied in the •new sys- 
tem represented symbolically in the form 

A,P=0, A3P=0,......A^P=0. 

Any common integrals of this system will also be common 
integrals of the previous system. For as functions of 

they will satisfy fhe first equation of that system, and they 
will satisfy the other equations, because the present system is 
but a transformation of those. The converse is equally mani- 
fest. 

Thus a system of n partial differential equations contain- 
ing m independent variables and satisfying a certain cpndi- 
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tion, has in virtue of that condition been converted into a 
system of n — 1 equations between w — 1 independent vari- 
ables, and satisfying the same condition. This then is con- 
vertible into a similarly constituted system of w — 2 equations 
containing m — 2 independent variables, and so on till we 
arrive at a final single partial difierential equation containing 
m — n + l independent variables. This equation has m — n, 
that is, r integrals, and these are the common integrals of the 
system (1). 

But the system of ordinary differential equations corre- 
sponding to (1) is in number r, and is satisfied by all the 
common integrals of that system. Hence these differential 
equations must admit of reduction to the exact form. 

7. We may deduce from the above investigation the fol- 
lowing Rule. 

To integrate a system of simultaneous linear partial diffe- 
rential equations of the first order. 

EuLE. Reduce the equations to the homogeneous form 
(I), express the result symbolically by 

A^P = 0, A,P=0, AJ^ = 0, 

and examine whether the condition 

(A,A^-AA)P=0 

is identically satisfied for every pair of equations of the sys- 
tem. If it be so, the equations of the auxiliary system, 
Prop. I., will be reducible to the exact form, and their inte- 
grals being 

w = a, i; = J, t(?==c, 

the complete value of P will be ^(w, v, «?,...), the form of F 
being arbitrary. 

If the condition be not identically satisfied, its application 
will give rise to one or more new partial differential equa- 
tions. Combine any one of these with the previous reduced 
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system, and again reduce in the same way. With the new 
reduced system proceed as before, and continue this method 
of reduction and derivation until either a system of partial 
differential equations arises between every two of which the 
above condition is identically satisfied, or, which is th^ only 
possible alternative, the system 



dx^ ' dx^ 



• • • 



appears. In the former case the system of ordinary equations 
corresponding to the final system of partial differential equa- 
tions will admit of reduction to the exact form, and the gene- 
ral value of P will emerge from their integrals as above. In 
the latter case the given system can only be satisfied by sup- 
posing P a constant. 

Ultimately then the determination of P depends on the 
solution of a system of ordinary differential equations reduci- 
ble to the exact form. This does not mean that each equation 
of the system is reducible to the exact form, but that the 
equations may be combined together so as to form an equal 
number of equivalent equations of the exact form. Generally 
when we know this combination to be possible it is easy 
to effect it, and best to endeavour to do so. We might how- 
ever employ the method of the variation of parameters as fol- 
lows. Supposing^ the number of differential equations make 
all but J? + 1 of the variables constant, integrate the reduced 
system, and then seek to satisfy the unreduced system by the 
same series of integrals with the arbitrary constants as new 
variables. The successive integrations and transformations 
of this method would amount to the same thing as those 
upon which the second part of the demonstration of Prop. III. 
rests*. 

Lastljr, given a system of ordinary differential equations 
containing a superfluous number of variables without know- 
ing how many integrals they admit, we must, supposing 
P= c to be any integral, construct the corresponding system 

* It was thus indeed that the author was first led to that theory. 
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of homogeneous partial differential equations satisfied by P, 
and apply to them the foregoing Kule. 

8. Ex. Required the integrals of the simultaneous par- 
tial differential equations 

dP . ^ ^ .dP , sdP ^ 

Representing these in the form AiP=0, AaP = 0, it will 
be found that the equation 

(AA-AA)i'=o- 

becomes, after rejecting an algebraic factor, 

dPdP . 

and the three equations prepared in the manner explained in 
the Rule will be found to be 

^+(3^ + 0^ = 0. 

— +a!^=0. 
dt dz * 

No other equations are derivable from these. We conclude 
that there is but one final integral. 

To obtain it, eliminate 

dp dP dP 
dx^ dy ^ dt 
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from the above system combined with 

dP J dP J dP ^ dP J ^ . 
dx dy '^ dz dt ' 

/7P 

and equate to the coefficient of -y- in the result. We 

find 

di — (« + 3a::') dx — ydy — xdt = 0, 

the integral of which is 

8 y' 

Z — Xt — X'-^^C. 

An arbitrary function of the .first member of this equa- 
tion is the general value of P, 

[It appears from the manuscript that another example was 
to have been added here.] 



( 90 ) [CH. XXVI. 



CHAPTER XXVL 



HOMOGENEOUS SYSTEMS OP LINEAR PARTIAL DIFFERENTIAL 

EQUATIONS. 

1. The theory of homogeneous systems of linear partial 
differential equations in which when expressed in the sym- 
bolic form 

A.P=0, A,P=0, A„P = (1), 

the condition 

(AA- AA) -P= (2) 

is for all combinations represented by i and j satisfied in 
virtue of the constitution of the symbols A<, Ay, forms the 
subject of important researches by Jacobi {Nova Methodtis... 
Crelie's Journal, Vol. LX. p. 1). The following are the most 
important of his results. 

1st. An integral of any one equation of the system being 
found, other integrals of the same ' system may be obtained 
without integration, by a process of derivation founded upon 
the condition (2). 

Let <^ be an integral of the first equation of the system. 
Then is the equation 

identically satisfied. 

Also the condition (2) being satisfied in virtue of the con- 
stitution of the symbols, we have 

(A,A,-A^0^ = O; 



ART. 1.] HOMOGENEOUS SYSTEMS &C. 91 

and in particular, making t = 1, and separating the terms, 

whicli reduces hj a prior equation to 

AjAy^ ==0, 

It appears from this that A,^, if it do not reduce to a con- 
stant, is an integral of the first equation A^^ = 0, and, if it 
prove to be not a mere function of ^, a new integral. 

This process may be repeated upon the new integral with 
a similar alternation of results. It will be evident from this 
that if we confine our attention to the two equations 

aiid suppose, as before, ^ to be an integral of the first, then 
will 

A,<^, A,(A,<^), A,{A,(A,<^)},... 

or, as these may be expressed, 

Aa^, Aa'^, Aa'^, ..• 

be also integrals of the first equation; and this process of 
derivation may be continued until we arrive at an integral 
Aj^<l> which is not independent, but is expressible as a func- 
tion of prior integrals 

\<f>, A/^, \'^<f>, 

and, sooner or later, such a result must present itself, since 
the number of independent integrals is finite. 

It is further seen that the most general sjrmbolic form of an 
integral derivable from the root integral ^ is 

AM,/^ A^^<l>, 

a, /3, ••••.. /i, being positive integers. 

The above remarkable theorem was in some degree antici- 
pated by the researches of Poisson. 
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2ndly. Jacobi shews how by the aid of such derived in- 
tegrals of the first equation of the system a common integral 
of the first and second equation may be found, and how from 
this integral and its derived series a common integral of the 
first three equations of the system may be found, and so on, 
until a common integral of the entire system has been as it 
were built up out of previous integrals of less general appli- 
cation. 

Let <^, ^', <^", ^<^-i) represent a series of independent 

integrals of the equation AjP=0, of which <\> is the root in- 
tegral, and the rest are derived from it by successive applica- 
tions of the operation denoted by A^, so that 

f = A,<^, <^<^-i) = A/-i<^; 

also let Aa**^ be not a new integral but a function of 

<^,f, <^^-^^ 

Now <^, <f>\ ^^-1) being particular integrals of AjP=0; 

the function i^(<^, ^', ^^~i)) will also be an integral of 

the same equation irrespectively of its form. Let us inquire 
whether the form of the function can be so determined as 
to render it also an integral of the second equation AaP = 0. 

We have then to satisfy the equation 

KF{<i>,4>; ^«'-«) = o. 

By the principles of the Differential Calculus this equation 
assumes the form 

But A,^ = f , A,f = f A..^^?*-* ==^<^-i) J 

lastly, Aj^<^-'> may by hypothesis be expressed in the form 
f{ip,(f>', ^<''~^'). rhu9 the equation to be satisfied is 
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, dF , „ dF , , ,v dF 



a linear partial differential equation of which the auxiliary 
system is 

Now the integration of this system may be made to depend 
upon that of an ordinary differential equation of the (ji — 1)**^ 
degree between the two variables ^('*"^^ and (f). 

For we have 

d<^(^-i) ^ /(<^,f, <^^-^>) 

d^ ^' 

Differentiating the last equation with respect to <^, and attend- 

ing to the former ones, we shall be able to express J in 

terms of the variables <f>, <f>, ^(^-i). Proceeding with 

this in the same way and continuing the process we shall be 
able to express the series of differential coefficients 

d<l> ' d<l>^ ' d<f>^'-^^ 

in terms of <}>, <f>'y (f>^'''^K From these /^-l equations, 

eliminating (f>, <^", (j>^'^\ we shall have a final equation 

between 

ttat is, a diflferential equation of the (ji — 1)"' order between (j) 
and ^<^i>. 
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The complete integral of this equation will be of the form 

<A^"?=/(<^.<5i»^> <5m-i)- 

Differentiating this /a — 2 tim^ in succession with respect to 
6, and continually substituting for the differential coefficients 
of ^<^-i) their values as before assigned in terms of 

^,f f"-'', 

we shall have a system of /a — 1 equations connecting the 

above variables with the constants c^^ c^, c^_i. Finally, 

solving these equations with respect to the constants, we shall 
possess the integrals required in the form 

F,{4>,<l>' r-«) = o,. 

F,.i(.4>,4>' 4>'^-'') = c^-u 

and each of these will be a common integral of the first two 
equations of the given system (1). 

[On the back of a page of the manuscript the following 
paragraph occurs, which seems to have been intended as a 
simplification of the preceding argument which begins with 
The complete integral."] 



« 



Suppose that a first integral of the equation can be found. 
Its form will be 

^i^^'"'' ' d<f> ' t^<^-» J^""' 

Substitute in this for the differential coefficients of <f>^*^^^ 
their values before assigned in terms of <f>, (f>\ ^",.••<^^'*^^ and 
we have an integral of the system (3), and therefore a com- 
mon integral of the first two equations of the system (1). 

[We now return to the place at which we inserted a para- 
graph.] 

Just in the same way Jacobi deduces a common integral of 
the first three equations of the system (1), For representing 
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any one of the first members of the above system by ylr, and 
deriving thence the new independent integrals Aj'^^r, ^^yfr,.,. 
he substitutes an arbitrary function of these for P in the 
equation 

A.P=0. 

It is evident that the solution of the partial differential 
equation so found will again be reducible to that of an 
ordinary differential equation between two variables. And 
so the process is carried on till all the equations are satis- 
fied. 

2. The above remarkable process was developed by Jacobi 
in connexion with the theory of non-linear partial differential 
equations of the first order. In that particular connexion it 
admits of certain reductions tending to diminish the order of 
the differential equations to be integrated. But these do not 
affect the general principle of the method. It was in this 
special form that the theory of the solution of simultaneous 
Imear partial differential equations originated. Jacobi does 
not consider the theory of equations in which the cqndition 
(2) is not satisfied ; but the language in which he refers to 
the condition shews that he had speculated upon the general 
problem — and it is difficult to conceive that he should have 
meditated upon it and not arrived at its complete solution. 

[The manuscript here gives the first two words of 
the passage from Jacobi's memoir which is quoted in the 
Philosophical Transactions for 1863, page 486.] 
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CHAPTER XXVII. 

OF NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE 

« 

FIRST ORDER. 

1. In treating the present subject we shall first consider 
that class of non-linear partial differential equations of the 
first order which involves two independent variables, and 
then proceed to the general theory. The reason for this 
procedure is that the particular theory, though of course in- 
cluded in the general one, rests upon a somewhat simpler 
basis, and it was in fact developed by the labours of 
Lagrange and Charpit long before the general theory was 
known. The latter we owe to the independent researches 
of Cauchy and Jacobi. 

[Here the manuscript refers to the matter contained in 
Chap. XIV. Arts. 7 to 12 inclusive; and then passes on to 
the general theory.] 



General Theory. 

• 2. Given an equation of the form 

z-=<p [x^, x^, ... Xn, ^1, t?2, ... aj, 

the number of arbitrary constants a^, a^, ... a^ involved being 
equal to the number of the independent variables x^^ x^, ... ic„, 
we obtain by differentiation and elimination of the constants 
a partial differential equation of the first order. Of this the 
proposed equation is said to constitute a complete primitive. 
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The form of the above process which if seems best, as 
throwing light upon the invei'se problem of deducing the 
complete primitive from the partial differential equation, to 
employ, is the following. Let the given primitive, solved 
with respect to one of the arbitrary constants a^, be presented 
in the form ... 

/(a?,, ... x^j z, ttj, ... aj =aj (1), 

Differentiating with respect to each of the independent vari- 
ables we have a system of n equations of the forms ^ 

/(a;,, ... a?«,5?,j?„aj, ... 0^=0^1 

. "(2). 

f^ (i»j, ... x^, z,p^, a„ ... a„) =0 J 

These n equations enable us first to eliminate the h — 1 
constants «,,......«„, and so deduce the partial differential 

equation sought in the form - ■ 

F^ {x^, ... Xn, z,jp^,...ja^) =0 (3); 

secondly to determine the n — 1 constants as functions of 
ajj, ... x^, z, p^^ "* Pn ^^ ^^^ forms 






> 



(4). 



As the system formed of these n — 1 equations, together 
with the previous one, is merely another form of the system 
(2) obtained by directly differentiating the primitive, it follows 
tliat if from these equations we deduce the values of j:?,, ... p^ 
as functions of a?^, ... a?„, a^, ... a„, and substitute them in the 
equation 

dz=pjdw^+p^dx^+ ...+p^dxn (5), 

they will render that equation integrable, and its integral 
will be the complete primitive (1), the constant d^ being re'-* 
gained by integration. 

B.D.E. IT, 7 
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Examining the system (3), (4) we see that the first mem- 
bers of all the equations which it contains are functions of 
a?j, ... aJ«, «, ^1, ••• Jt>», while the second members are con- 
stants. The question then arises, What mutual connexion 
exists among these functions in virtue of which they yield 
values of /?i, ...i>»» which render the equation (5) inte- 
grable? 

The answer to this question must involve the entire theory 
of the solution of partial differential equations of the first 
order, so far as relates to the determination of a complete 
primitive. Given a partial differential equation of the form 
(3) it is evident that if we can construct a system of associated 
equations (4) possessing the character above described, the 
final value of z obtained by integration of (5) will both 
satisfy the given equation and contain the requisite number 
of arbitrary constants. It does not follow from this that 
it will be the only complete primitive, but it will be a 
complete primitive. 

3. The relation sought is expressed in the following 
Proposition : 

Proposition. If 

4>(a?j, ... a?^, «,^j, ...^^)=& 

represent any two out of a system of n independent equations 
such, that the values ofp^y •••¥%! thence determined would make 
the equation 

dz -pjixy^ + p^dx^ + . . . -\-pndx^ 

integrabUy then the first memhers of these equations hein^ 
represented for simplicity by F and 4>, the condition 

^(fdF^ dF\d^ dF/d^ d^W ^ 

the summation extending to all values of i, from Iton inclusive^ 
will he satisfied identically. 
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Reciprocally y if the above condition he satisfied identic-ally 

fir earn binary combination of Junctions in the proposed system 

of equations y and if these functions he independent^ then the 

values ofp^ , . . . Jt?n > (^ fwmtions ofx^ ^ ...x^, z, which they yield, 

will make the equation 



dz —p^dx^ +Pi^^2 + ••• +Pn<^t 



integrahle. 



It will be convenient to begin with the particular case in 
which the proposed equations do not explicitly contain z, the 
piui;icular pair to be considered being represented by 



Differentiating with respect to «?<, and regarding ^j, ...^'.^ as 
functions of the independent variables, we have 



dxi dp^ dXi '" dp^ dxi ' 

d^ ^ d^ d^ dpn^Q 

dXi dp^ dXi '" dp^ dxi ' 



(6), 



to which we may give the form 

dF __ ^ dF dpj ^ 
dxi'^ ^dpj dXi 

^ _ _ S d^ dpj 
dxi ~ ^ dpj dxi^ 



(7), 



the summation with respect toy extending from y = 1 to j—n 
inclusive. 

d^ 
From the first of equations (7) multiplied by -j— subtract 

7—2 
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the second multiplied by -j— , and sum the result with respect 
to i from ^ = 1 to ^ = w inclusive. We have 

* \dx^ dpi dpi dxj 

:=^tt (—— ^^— — ^\ (8) 

* ^ \dpj dpi dXi dpi dpj dxJ 

The expression under the double sign of summation in the 
second member vanishes when i=^j\ we may therefore re- 
strict the summation to unequal values of i and j. Now 
as for any particular combination of values, e.g. 2, 3, there 
would exist in the completed member both the terms cor- 
responding to * = 2, ^^' = 3, and those corresponding toj=2, 
i= 3, it is evident that if we employ the symbol Sy to denote 
summation with respect to different combinations of t and /, 
the second meml)er of the last equation may be expressed in 
the form 

y /dF d^ d^^dF d^ ^ 

"^Xdpj dpi dxi dp^ dpj dxi 

dF d^ dpi dF d^ dpA 
dpi dpj dxj dpj dpi dxjj ' 

^ \\dpi dpj dpj dpj \dx/ dxJ) ' 

so that the equation (8) becomes 
^ fdF d^^dFd^\^ 



^dxi dpi dpi dxi) 



'dpi dpi 



= „1 [(dFd^_dFd^ 

^X^dpi dpj dpj dpj \dxj , dxi 



-£]\ (9) 



The number of terms of which the second member ex- 

ft (fi "~ 1 ) 
presses the sum is thus — ^— — - , and it will be observed that 
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>a8 to any particular term it makes no difference in what or^er 
the numerical values of i and j are assigned to these quan- 
tities; e.g. whether for the combination 2, 3 we make t = 2, 
J=3, or t = 3, j = 2; but we must confine ourselves to one 
order. 

Now when the equation 

is integrable in the manner here supposed, we have for all 
combinations of % and J, 

dpi _ dpj 
dxj dxi ' 

All the terms in the second member of (9) therefore vanish, 
and we have 

* \dxi dp^ dpi, 4^J 

This is the direct form of the Proposition imder the parti- 
cular limitation supposed. ' . 

As -F, ^ represent, under the same limitation^ any two of 
the first members of the n equations (3), (4), which determine 

Pi9 '"Pny there will exist / equations like the above. 

It is usual to employ for brevity the notation 

^ /dF d^^dF ^\ ^ p^ „ 

^\dxi dpi dpi dxj"^ ^* 

and this being done the above system of equations expresses 
the — ^-r — - funotions of the form \FiF^ as linear homogeneovs 

functions of the — ^-^ — ■• quantities of the form -^* — -/-' . 

It is hence that the vanishing of the latter series of quantities 
secures the vanishing of the former. 

The converse truth will therefore be established by shewing 

that the -^—r — - quantities of the form -^^ — -^p- are, when 

Jd ctPHj ' ctx^ 
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i^j, jF'j, ... F^ are independent with respect to p^^ P^^'Pny 
expressible as linear homogeneous functions of the — ^^-^ — - 
functions \FiF^. 

To avoid complexity of expression I shall establish this for 
the particular case of n = 3, imd shall shew that the reasoning 
is general. 

The fiinctions i^'j, -F^, i^, being independent with resjwcat 
*^ Pi^P^y Pi» *^^ determinant 



dF, 


dF, 


dF, 


dpC 


dp,' 


dp. 


dF, 


dF, 


dF, 


dp,' 


dp,' 


dp. 


dF, 


dF, 


dF, 



dpi ' dp, ' ^Pi 



does not Tanish. This determinant we shall denote bj A. 

In (9) writing for i^and ^ first F and i^, secondly jP, and 
F^y thirdly F^ and F^, we have on changing signs the system 



y (10). 



'■ *^'^ \dp, dp, dp, dpj\dx, dxj 
'•^*''J-Uj>. dp, dp, dp,)\dx, dxj^'" 
'■ • " \<^, dp, dp, dp,J\dx, dxj '"> 



dW ^T? 

Multiply the first equation bj -5—' , the second by -r- , the 

third by -j-* and add. Then 
"dp, 

- f t^-^j - 1 ™ - f ™ ■ ^ (I: - ^ • 
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whence as A does not vanish we have, on dividing by it, the 
function -^ — -~ expressed as a linear homogeneous function 
of \F,F;\, (f^^* and {f,f;[. 

flW fJW flW 
In like manner multiplying the equations by -y—* , -r-^, i—^ 

^^ ^ ^ ^ dp,' dp,\ dp, 

respectively, and dividing by A, we obtain -^-^-^ as a 
similar linear homogeneous function, and lastly, multiplying 
ty ^, -j-^y J—', and proceeding as before, we obtain 

-^ — -^ as a similar linear homogeneous function. 

From all which it follows that when [i^^J, [FJP^, [^i^J 
vanish, then 



dx, dx,' dx^ da?j 



dx. 



dx^' 



will vanish also. 



The reasoning is general in its nature. If F^, F,, ...F^ 
are independent with regard to^j,j7„ ...p», the determiuaut 



dF 



dF 



dPi' dp. 



din 
dpr 



dj^ 

dpn 



= A 



00, 



does not vanish. This determinant is from its constitution 
as a determinant linear and homogeneous, not only with 
respect to any row or column of elements, but also with 
respect to the possible binary combinations which can be 
formed of two rows or columns, temarj out of three rows or 
columns, &c. provided that these combinations are themselves 
of the form of determinants. In the language of the theorjr 
such combinations are called minor determinants. Hence if 
we construct the system of. equations represented by (10), and 
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observe that th6 coefficients of any particular term of the form 

•^"-^ in the several equations form a system of such 

minors to the general determinc^nt (11), it will be plain that 
the equations can by multiplication and addition be brought 
to a form in which the coefficient of that particular term will 
be A, At the same time the coefficients of all the other 

ferms of the form -^ — -^ will vanish. For a little atten- 

dXj axi, 

tion will shew that they will be what the determinant A 
would become on making two of its columns or rows of ele- 
ments equal, and therefore will be identically equal to 0. 

Thus thfe Proposition is generally established for the case 
in which z does not explicitly appear in the fiinctions 

F F . .F 

When z does appear in those functions the equations (6) 
will be replaced by 

^ + „^+^^. + + ^l^ = o 

dxi -^^ dz dp^dx^ '"** dp^ dxi ' 

dxi -^* dz dpi dxi dp^ dx^ ' 

from which it is seen that the theorem above established will 
only need to be changed into the form employed in the state- 
ment of the general Proposition, 

' As the above is one of the most important propositions in 
the entire theory of Differential Equations, it may be desire- 
able to illustrate it by examples. 

[There are no examples in the manuscript.] 

4. We resume the general theory. 

The integration of non-linear partial differential equations 
9iay be effected by two distinct methods, both resting upon 
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the ground of the above Proposition. The first of these 
methods, originally established hy a difierent analysis from 
that which will here be employed, was discovered by Cauchy 
{Exerdces d' Analyse), and rediscovered by Jacobi (Crelles 
Journal). The second method, discovered by Jacobi at a 
later period, forms the subject of his posthumous memoir^ 
Nova Methodm 



Cauchy* 8 Method. 

We will, as before, begin with the case in which z does 
not appear explicitly in the proposed partial difierential equa- 
tion, whicli we shall represent in the form 

•^1(^1, a^n»i?i, i?«)=0 (1). 

ft 

We have seen that to find a complete primitive of the 
equation it is necessary and suflScient to construct a series of 
equations 

-^a(^i,.....a?„, 7>i, P«)=«2l 

•• ^....(2), 

F^[x^.....x^, p^, JP«) = «J 

such that not only shall the conditions 

[^.^J = o, [i?;i^„] = o.... .(3), 

connecting the new functions i^, .....i^ with jP^, be identi- 
cally^ satisfied, but also the series of conditions 

[^.^J = (4), 

Fa and Fj, representing any two of the new functions re- 
ferred to. 

The first of the above series of conditions amounts to 
this, that F^y F^ must be integrals of the partial differen- 
tial equation 

. K^ = o..... (5). 
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It is the peculiar aim of Cauchy's method to determine the 
integrals so as to cause the second series of conditions to be 
satisfied also. And it is shewn that this will be attained if 
the integrals of (5), which form the first members of (2), are 
such that the particular values which o^, ....^^^ assume when 
^« is made to receive any constant value, as 0, are difierential 

coefficients with respect to aj^, a?,^ of any single function 

of those variables, the form of which may be arbitrarily 
assigned. 

The necessity of this condition is obvious. If the general 

values of ^^, jp^ are differential coefficients of a function z 

with respect to aj^, a?^, then the particular forms which 

p^, p^. assume when x^ receives any constant value are 

simply difrerential coefficients with respect to a?., a;__- of 

what j5 becomes under the same circumstances. To prove its 
sufficiency we must shew that when it is satisfied the condi- 
tions represented by (4) will be satisfied also. 

Since F^ and F^ are integrals of [F^P] = 0, 

[KF:\ = 0, [F,F,] == (6). 

Also, since if in (I) and (2) we give to a?^ a particular con- 
stant value, as 0, and then in (2) regard ^^ as a function of 

^U ^n^> i>l> P^l 

determined by (1), the system (2) will virtually contain only 

»!,-... a?^ii Pt» Pf^i 

of which jpj, 2>^^ are differential coefficients of a single 

function with respect to a?^, a^^^, it follows from the pro- 
position of Art. 3, that any two functions F^ and F^ will 
satisfy mutually the condition 

2i=n-i f ^K dFj, _ dF\, dF\ _ Q 
*'^ \dxi dpi dpi dXi) ' 

the differentiations having reference to 

«?i> ^n-i» i>n—-P».i> 
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expKcitly as they appear in F, and F,, and implicitly as 
involved in^^* Thus the developed form of the above equa- 
tion is 



<=n-l 



till 



\dxi dp^ dxi)\dpi dp^ dp J 

\dpi dp^ dp J \dXi dp^ dxj) ' 
the forms of -^ and -^ being determined from (1). 

Performing the multiplications, the above equations will be 
reduced to the form 

^"^ \dxi dpi dpi dXiJ 

dK 2i=n-i (^ dF,_d^ dF\ 
dp^ *"^ \dxi dpi dpi dxJ 

dp^ *^^ \dXi dpi dpi dxi) ""^ 

Bat from the form of the total differential of (1) we see that 

dFy dFx 

dp^^_^ ^^_^ 
dXi dF^' dpi 3F/ 
dp^ dp^ 

Hence 

^""^ \dxi dpi dpi dxJ 



\dpj '"^^ \dXi^ dpi dpi dxJ ' 
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Now Since by Art. 3 

*~'^\dXi dpi dpi dxj * 
we have 



'^*"^ \dxi dpi dpi dxJ 



\dx^ dp^ dp^ dxJ' 



therefore 



^*-^ \dxi dpi dpi dxJ 



\dpj \dx^ dp^ 



dF.dF^ 
dPn dxJ ' 



In the same way 



*-^ \dxi dpi dpi dxJ 



[dp J \dx^ dp^ dp^ dxj ' 



The substitution of these values in (7) gives 



**^ \dxi dpi dpi dxJ 



\dpj \dp^ \dx^ dp^ dp^ dxJ 



dF\ /dt\ dFa_d>F\ dF\ 
dPn\dx^ dp^ dp^ dxj^ 



= 0, 



ART. 4.] EQUATIONS OP THE FIRST ORDER. 109 



or 



**^ \dxi dpi dpi dxj 



or 



dl\ ^6_^a ^J-Q 

*=^ \dxi dpi dpi dXiJ ^ 



which is precisely the equation 

We see therefore that to solve the partial differential 
equation 

it is only necessary to construct the linear partial differential 
equation 



*"^\da:< dpi dpi dxJ ' 



and to obtain w — 1 ind^ependent integrals of this 



such that if we determine from these conjoined with the given 

equation the values of p,,....jE?^, then those ofjt?^", p^. 

shall, when a?„ is made constant, be the partial differential 

coeflScients of one and the same function of x^, x^^ with 

respect to these variables in succession. 

Now provided that we can find all the integrals of the 
above partial differential equation the particular determination 
required may be effected in the following manner. 

The Lagrangeaii. auxiliary system consists of 2w — 1 ordi- 
nary differential equations 

dpi dp^ dx^ dx^ 
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These admit of 2n — 1 integrals, one of which will be -Fj = c, ; 
and this will agree with the given equation if we make c^ = 0. 
We have therefore, besides the particular integral Ji = 0, 
2n — 2 integrals of the form 

(9)- 

Now suppose it required to find a value of 2; as a function 
of cCj, ...cc^, which shall satisfy the given partial differential 
equation, and shall reduce when a;„ = (or any numerical con- 
stant) to a particular given function of aj^, ...aj»_j, which we 
will represent by '^(o?!, ... a?^,). Then on the assumption 
that x^ = 0, we have first the given equation 

« = '^(^i>---0 • (1^)> 

secondly the derived equations 






_ dylt{x^,...x„_,) 
^"-* "" dx. 



(11). 



'«-! 



Make in the 2n— 1 integrals x^ = Oj and suppose at the 
same time x^, ... a?^^, p^, •••i^n-i ^o receive therem the same 
values as in the above derived equations. Then from the 
3n— 2 particular equations which we thus possess in the two 
systems united (particular because under the assumption that 
^n = ^)> ^^ ca^ eliminate the 2n— 1 particular values of 
iCj, ...ir»_i, /V«'Pn-i> ^^^ so obtain n — 1 equations among the 
ponstants. These express the conditions which are necessary 
and sufficient in order that the values of »,,...»- , thus derived 
from the integral equations ma^r, when^^.=0, a^ with the 
values assigned in (11). Accordingly if we substitute in these 
equations of condition for Cj, . . .Cj^j the general values^,, ...^,^1 
we shall obtain n — 1 equations between ajj, ... a?^, ^j, ...|>«> 
which will at once be particular integrals of the system (8), 
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and will possess the property that the values of p^ , . . . p^^ which 
they in conjunction with J?*, = give will when x^=^Q reduce 
to the values given in (11). Hence these values with that of 
p^ derived from the same equation will make 

dz "p^dx^ — — ^^<?a?„ = 

an exact differential equation. In the integral of this it will 
only remain to determine the constant so as to make the value 
of z agree with that given in (10). All the conditions will 
then be satisfied. 

We may collect the results of the above investigation into 
the following Rule : 

To obtain an expression for 2? as a function of the inde- 
pendent variables x^, ... a?«, which shall satisfy the partial 
differential equation 

F{x^^ ... 0?^, ^j, ...p^ = 0, 

and shall when x^ is made equal to (or to any numerical 
value) reduce to a given function of a?^, ... a?^^, which we will 
represent by '^ (0:^, ... a?„_i). 

Rule. Construct the linear partial differential equation 



^,.^fdF dP dF dP\ ^ 

^* ** ( 1 = 

^"'^xdxi dpi dpi dxj ' 



and forming its auxiliary Lagrangean system deduce its in- 
tegrals 

in addition to the known particular integral i^= 0. 

Between the above integrals and the equations 

_ d^(a?i,...a?n-i) ^ _ d'>^{x^,...x^ ^ 

^^~ d^ '••• -P*"^" dx^, 

eliminate, after making a?n = 0, the quantities 
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In the resulting n — 1 equations replace 

and we shall have a system of equations which with F=(l 
will determine values of jp^, ... j?n> which will render 

an exact differential. The integration of this will give the 
integral sought. 

In the case in which the given partial differential equation 
is of the form 

F{x,,..^x^,z,p,,...jp^) = Oy 

s being contained explicitly, the linear equation to be solved is 
^..^(fdF, dF\dP dFfdP , dP\\ ^ 

and the argument by which it is shewn that the integrals of 
this to be employed in conjunction with F= for the deter- 
mination of p^, .,. pn need only be so conditioned as to make 

i?ij •••^n-i differential coeflScients of one and the same function 
of x^,...x^^ when x„=0 is in character the same as that 

, already developed in the present Article. It is only necessary 

to substitute in its exposition -r- +j>i -j- for -r- , and so 

for the other functions. 

But as the auxiliary system 

dx^ dx^ dz 



d^, dp, p^dp, •" ^'dp, 

dp, dp, . . 

dxjP'dz dx^'^^'dz 






virtually includes the equation 

dz —p^dx^ — . . . —p^dXn = 0, 
the ultimate expression of the Kule will be as follows: 
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To obtain an expression for « as a function of 0?^, ... a;„ 
which shall satisfy tne equation 

and shall when x^ is made equal to (or to any particular 
constant value) reduce to a given function ir {x^, ... x^^ of 
the independent variables a;^, ... x^^, 

Rule. Let 

^j = Cj , ... (p^ = Can • 

be the 2n— 1 integrals of the auxiliary system (12) which are 
additional to the particular integral F= 0. Make in these 2n 
equations x^=^0 and forming the further equations 

« = i/r(aj,, ... ar^i), 

dyj^jx,, ... ar^J 
-P*" dx, ' 



^ dyjr{x^, ... a?^0 



^^- dx. 



H-l 



eliminate the 2n quantities a?,, ... ^„_i, «, ^i> ... J3«. We thus 
obtain n equations among the constants c^^...c^. 

Substitute in these equations ^, for c,, ... ^^ for c,». and 
we have n equations connecting a?,, ... ^n> ^>i?i>«--i?n> from 
which with the aid of the given equation jf^, ... pn may be 
eliminated, and there will result a single equation connecting 
a?j, ... x^ with z. This is the integral sought. 

Pt appears from the manuscript that an example was to 
have been supplied here.] 



5. Cauchy's method is evidently a general one. But its 
generality is not of the same kind as that which belongs 
to Lagrange's solution of linear partial differential equations; 
It conducts us, not to a form embracing every possible 

B.D.E. II. 8 
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solution^ but to a system of results from which every possible 
solution may be derived, by arbitrarily varying the form of 
the function which expresses the initial state of the dependent 
variable, that is the value of z when x^ = 0, and then per- 
forming certain eliminations. To obtain a complete primi- 
tive we should only have to assume as the form of z when 
a?„ = a function of the variables a?, ... sc^^ involving n 
independent constants. The form of this function is arbitrary. 
Each distinct determination of it under the conditions leads 
to a distinct complete primitive. The 'number of such com- 
plete primitives is infinite. 

There are some most important problems in which the 
knowledge of a single complete primitive is all that is re- 
quired. For this purpose the method of Jacobi which we 
shall now give may be employed. 



Jacohi's Last Method. 

6. Supposing z to be not explicitly involved in the given 
partial differential equation 

F^[x^, ... a;n,i?i,i?n) = 0, 

which we shall as before represent by F^ = 0, the problem of 
the discovery of a complete primitive consists in tlie finding 
of 71 — 1 equations 

such that between any two functions F^F^ the relation 

[^i^l=o..'. (1) 

shall be identically satisfied. The values of j?^, ... p» deduced 
from the equations, by rendering 

dz --pjdx^ — ... —jpJLx^— 

integrable lead us to the complete primitive expressed by its 
integral 
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Now the idea upon which Jacobi's later methods rest is 
that of directly solving the different systems of linear partial 
differential equations flowing from the general condition (1), 
not of solving, as in Cauchy's method, one of those equations 
and then. limiting that solution by conditions which virtually 
involve the satisfaction of the others. 

It is evident that the entire series of — ^^ conditions 

2 

(1) will be satisfied if we determine F^ to satisfy the single 

equation 

then F^ to satisfy the system of two simultaneous partial 
differential equations 

then F^ to satisfy the system of three simultaneous partial 
differential equations 

and so on, until finally F^ is determined by the solution of 
the system of n — 1 partial differential equations 

iF,F:[ = 0, iF^:[ =0, \f^,f:\ = o. 

Now all these are particular cases of the general problem 
of determining a function P which shall satisfy simultaneously 
the equations 

[F,P] = 0, [F,F} = 0, [F^F] = 0. (2) 

jFj, i^a, ... jF^ being given functions between each pair of 
which the equation 

is identically satisfied. Here P will represent in succession 
the series F^, F^, ... F^. 

The given system is one of homogeneous linear partial 
differential equations. It belongs to the class of systems the 

8^2 
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general theoiy of which is discussed in Chap. xxvi. But it 
is not necessary to apply the theory in its general form. We 
need only a ^Wfe integral ; for a single value of each of the 
functions i^g, i^, ... -F^ suffices in combination with the given 
value of -Fj for the determination of a complete primitive.' 
Now it may be shewn that the system is oi the class dis- 
cussed in Chapter xxvi. If expressed symbolically in the 
form 

A,P=0, A,P=0,... A^ = 0, 

the ooi;^ditio|i 

(AA-AA)P=0, 

will be identically satisfied. Hence Jacobi's method for the 
treatment of systems of this kind may be applied. 

That the system is of the kind asserted is a consequence of 
the following proposition. 

Proposition. If the equations 

[uP] = 0, [i?P] = 

are expressed in the symbolic form 

AP=0, A'P=0, 

then the derived equation 

(AA' - A'A) P= (3), 

will be equivalent to 



r[Mt;]P|=0. 
For A = S*-** (— — - — —] 

is.*^<i-n(^'0 d dv d\ 

*"^ \dxi dpi dpi dgcj * 
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Hence since -j- is the coefficient of -j- in A'P, and --- 

its coefficient in AP, its co efficient in the derivedequation (3) 
will be (Chap. xxv. Art. 5), 

. dv Ai du 
dx^ ctey* 

^i^nfdu d\ ^du d\ dv d*u dv d^u \ 
\dxi dj[>idxj dpi dxidxj dxi dpidxj dp^ dxidxj' 

d_ 
dXi 



or 



- ^i^nfdu do_ du do\ 
Cj *"^ \dxi dp^ dpi dxj ' 



In like manner the coefficient of -y- is 

aXj 

Hence (AA' - A'A) P = 2S f ^ ^.lip^] 

-^ \ dxj dpj dpj dx^l 

= [Mi*]. 

whence the Proposition is established. 

Applying this to the system (2) we see that any derived 
equation will be of the form 

\^f,f;^ p] = 0. 

But \F^^ = by the conditions given ; hence the condi- 
tion (A^Ay— A^A<) P = 0, is identically satisfied. 

The results of Chapter xxvi. being thus directly applicable 
to the system under consideration, we see that a common 
integral of the system (2) may be found by a series of alter- 
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nate processes of integration and derivation. We begin by 
seeking an integral of the first partial difierential equation. 
By a process of derivation, always possible, followed by the 
integration of a differential equation between two variables, 
we arrive at a common integral of the first two partial diffe- 
rential equations. Again, by a process of derivation followed 
by the solution of a differential equation we obtain a common 
integral of the first three partial difierential equations. And 
so on, until a common integral of all is obtained. 

7. Another solution of the above problem has recently 
been given. Beginning as in Jacobi's method by finding an 
integral of the first partial differential equation, a process of 
derivation agreeing in principle with Jacobi's, only more 
extended, may lead us without further integration to a point 
at which the discovery of a common integral of the entire 
system will depend only upon the solution of a single diffie- 
rential equation of the first order susceptible of being made 
integrable by a factor. Failing this, it will enable us to 
convert the given system of partial differential equations into 
a new system possessing the same general character, but con- 
taining one equation less. Upon this the same process may 
be tried with a similar final alternative — and so on till the 
required integral is discovered. {On the Differential Equa- 
tions of Dynamics. Philosophical Transactions, 1863). 
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CHAPTER XXVIII. 



PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND OJtDSU. 



[This Chapter is a reconstruction on a larger scale of part 
of Chapter xv. At the end of the Chapter reference will 
he given to other writings of Professor Boole on the subject 
here discussed.] 

1. The general form of a partial differential equation of 
the second order is 

F{x, y, z,p, q, r, s,t)=0 (1), 

where 

dz dz d^z d^z d^z 



dx' ^ dy' dx^' dxdy' df' 

It is only in particular cases that the equation admits of 
integration, and the most important is that in which the 
differential coefficients of the second order present them- 
selves only in the first degree; the equation thus assuming 
the form 

Br^Ss^Tt^ V (2), 

in which R, 8, T^ and V are functions of a?, y, z, p and q. 

The most important part of the theory of the solution of 
this equation is due to Monge, and was extended by Ampere 
to the more general equation 

5r+i&+-2l+Z7(5*-rO=F (3). 
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This equation, together with the particular equation of 
Monge, and the equation 

Br + 88 + Tt+ U{s^-Tt)=0, 

both which though falling under Ampfere's general form 
possess peculiarities demanding special notice, I propose to 
consider in this Chapter. I shall in conclusion make some 
observations on the theory of partial differential equations of 
the second order with more than two independent variables. 

Monge's method, and Ampere's in so far as it is an exten- 
sion of Monge's, consists in a certain procedure for discovering, 
either one or two first integrals of the form 

«=/W (4), 

u and V being determinate functions of x, y, z, p, and q ; and 
/ being an arbitrary functional symbol. Irom these first in- 
tegrals, singly or in combination, the second integral involving 
two arbitrary functions is obtained by a subsequent inte- 
gration. 

Now this procedure involves the assumption that the pro- 
posed equation admits of a first integral of the form (4). But 
such is not always the case. There exist primitive equations 
involving two arbitrary functions, from which by proceeding 
to a second difierentiation both functions may be eliminated 
and an equation of the form (2) obtained, but from which it 
is impossible to eliminate one function only so as to lead to an 
intermediate equation of the form (4). Especially this hap- 
pens if the primitive involve an arbitrary function and its 
derived function together. Thus the primitive 

z=^(l>(7/ + x) + yjt(t/''x)-x{<l>'{y + x)'"\lt (y -a?)}...(5), 

leads to the partial difierential equation of the second order 

r-t='P (6). 

X ^ ' 

^ but not through an intermediate equation of the form (4). 

It is necessary therefore, not only to consider the case in 
which the assumed condition is satisfied, but also to notice 
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what has been done in those cases which do not at present 
fitll under the dominion of any known method. 



Oenesia of the Equation. 

2. Prop. I. A partial differential equation of the first 
(yrder of the form u =y(v), or its symmetrical equivalent, 

in which u and v are any functions of x, y, z, p^ y, always 
leads to a partial differential equation of the form 

Rr+8s+ Tt+U{s^-rt) = V. 

For, differentiating the proposed first integral with respect to 
X, and with respect to y, we have 



dF (d*i du du .du\ 
du \dx dz^ dp dq J 



dFfdv dv do ,dv\_^ 
dv \dx dz^ dp dg )~ ^ 



dp dq 

dF (du du du ,^\ 
du \dy dz^ dp dq J 

dFfdv dv dv ^^ A _ r. 
dv \dy dz^ dp dq ) 

For brevity, write 

fdu\ ^ du du , fdu\ ^ du ^ du 

and then eliminating 

dF dF 
du' dv' 
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we have 



'du\ du . du 



U§l\+^s + ^t 



dx) djp dq } \\dt/J dp dq 



} 



s 



{fdu\ du du } {fdv\ dv dv ] 

which, on efFecting the multiplication, gives 

(du fdv\ /du\ dv) 
[dp \dy) \dy) dj>} 

(fdu\ dv^du rdv\ _ /du\ dv du /dv^] 
"^ \[di) 4; dp \dx) \dy) dq ^ dq \dy)) 

(fdu\ dv du fdv^ 
{\dx) dq dq \dxj 

fdu dv du dv\ . ^ . 
\dq dp dp dq) ^ 

-(l)©-©(l) ('). 

a result which, since u and v are by hypothesis given func- 
tions of Xy y, Zy jp, q, is seen to be a particular case of the 
general form (3). 

We may hence deduce also the conditions under which 
particular forms included in the general form (3) arise. Thus, 
in order that the equation u =f{v) may give rise to a par- 
tial differential equation of the second order of Monge's form 

lir + Ss + Tt^V, 

it is necessary that the condition 

du dv du civ _^ 
dq dp dp dq 

should be identically satisfied* This requires, by Chap. 11. 
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Art 1, that u and v, considered as functions of p and y, sliould 
not be independent. 

3. The geometrical relations of the equation (3) are also 
remarkable. It may in particular be shewn that an equation 
of this form will be satisfied by the equation of any surface 
which constitutes the envelope of any system of surfaces 
formed by the variation of three parameters in subjection 
to two arbitrary conditions. For let the copimon equation of 
the enveloped surfaces be 

^=/(^>y>«j^c) (8), 

the parameters a, J, c varying in subjection to the conditions 

^,(a,J,c)=0, >8(a, 5,c)=0, 

conditions which, determining h and c as functions of a, may 
be reduced to the form 

J = ^(a), c = y^{a) (9). 

Now the values of p and q being the same for any point 
in the envelope as for the same point in the generating surface, 
we have for all such points 

df{x, y. a. b. c) df{x,y,a,h,c) . . 

^= di ' ^ dy ^^^^- 

These two equations in conjunction with (9) enable us to 
determine a, J, c as functions of a?, y, z, p, q. Let these 
values be 

a = w, J = V, c^w. 

Then substituting in (9) we have 

equations which hold for all such points. These are then the 
partial differential equations of the first order of the envelope. 

Now each of these equations is of the general form (4) ; 
whence by Prop. i. the partial differential equation of the 
second order is of the form (3), as was to be proved. 
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Let US actuallj construct this equation. 

Differentiating the first of the equations (10) with respect 
to X and to y, and regarding therein a as a function of those 
* variables, and b and c as functions of a, we have 

d'f I d*f d*f db d*f dc\ da 
d^^ \dadx dbdx da dcdx da) dx ' 



8 



^ d'f fdj ^ dy db ^ dydc\da 

dxdy \dadx dbdx da dcdx da) dy ' 



from which we readily derive 

\ da? ) dy \ dxdy) dx 

Proceeding in the same way with the second equation of 
the system (10) we have 

/ dy\da / dy\da_^^ 
\ dxdy) dy \ d^ ) dx 

Hence, eliminating -^- and -r- * we have 



or -T^*" — 2 T-^« + 



d]^ dxdy dx^ dj? dy* \dxdyj 

the equation sought. 

Comparing this with the general form (3) we have the equa- 
tions 

dt/' dxd y da^ 1 _ da^ dy* \dxdyl 
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whence eliminating -^*^i, -y^, and , '^ we arrive at the 

equation, 

ig'+4(Z7F-5r)=0. 

This then is the condition which must be satisfied in order 
that the equation (8) may admit of an integral representing 
the envelope of a system of surfaces in which three parameters 
vary in subjection to two connecting conditions. It is only 
proved however to be a necessary^ not to be a sufficient^ con- 
dition. 



Solution of the equation Iir + 88-\'Tt+ U{s^ — rt) = F, when 
a first integral of the form F{u, v) = 0, exists, 

4. In the following sections we propose 

1st. To shew that when a first integral of the above form 
exists, its discovery depends upon the solution of two simul- 
taneous partial difierential equations of the first order re- 
solvable into linear equations. 

2ndly. To shew how from such first integral or integrals 
the second integral is to be obtained. 

Prop. ii. If the equation 

Br+8s+Tt+ Z7(5'-rO=F 

admit of a first integral of the form F{u, v) =0, in which u 
and V are functions of x^ y, «,^, y, then will P{u, v) considered 
as a function qfx, y, z, p, q, and represented as such for brevity 
by F satisfy the two partial differential equations of the first 
order^ 

B f^) ^+ T (—) — + U(—] '(—] 
\dx) dq \dy J dp \dxj\dyj 

^dF dF_ 
dp dq ' 



126 



PARTIAL DIFFEKENTIAli EQUATIONS [CH. XXVIII. 



bC 



dF\- 






\dq/ 



gdFdF^^fdF\^ 
dq dp \dp 



^(/dF\dF . fdF\dF) 



- -,- + 



in which 



[da; J 



dF dF 
dx " dz 



X\dx J dp \dy J dg 



fdF\ _dF dF 
' \dy)~dy'^^dz' 



= 0, 



Eegarding the function F in the proposed integral • F= 
simply as a function of x, y, z, p, g, we have 



ldF\ dF dF 



•^ 



(■ 



dp dq 



dF\ dF dF^ 
dy J dp dq 



= 



!- 



= 



(11), 



y 



On the other hand, regarding i^ as a function of a?, y, z, p, q^ 
mediately through u and v, "vve have the system 



dF 
du 

dF 
du 



'du\ du .du 
^dx) dp dq 



j dv \\dx) dp dq ) ' 



'du\ du du ,] dF 
jdi/J dp dq ) dv 



'dv\ dv dv 
4y) dp^ dq ^ 



y (12); 



= 0, 



J 



and these systems are equivalent. 
Now if from the second of these systems we eliminate -j- 

dF 

and -T- 7 we obtain (Art. 2), a result which must be equiva- 
lent to the proposed partial differential equation, 

Br + Ss+Tt+U{s^^rt) = r (13). 

This equation then considered as a relation between r, s, t, 
must be an algebraical consequence of the relations (12), and 
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therefore of the e(5[uations (11). If then we determine alge- 
braically two of the quantities r, s, t, (we select r, t) from the 
system, and substitute their values in (13), that equation 
ought to be satisfied independently of the value of the re- 
maining quantity s. Now supposing^ and j to be both con- 
tained in F, so that neither -r- nor ^— vanish, we have 



from (11), 






dF\ dF 

-=— I + -rr— .' 

w 

dp 



(' ,. 

\dx J da 



\dy) 



t = 



dF 

dp ' 



dF 
dq^ 



substituting which in (13) there results 
\dx J d(i \dy J dp \dx 




dF 
dy 



dF dF 



I dp dq 



+ 



{«© 



dF\* _ ^dF dF _^ ^ fdjy 
dq dp \dp ) 



-^(S)f--(f)f}--<»)- 



Now as this equation is to be satisfied in virtue of the con- 
stitution of R^ S, T, U, F, and the function F, and indepen- 
dently of s, both the coefficient of s and the absolute term not 
containing a must be separately equated to 0. Thus F con- 
sidered as a function of x, y, z, p, q, and containing p, j, at 
least must satisfy the partial differential equations 



j^(dF\dF^^fdJ\dF 
\dx) dq \dy J dp 



-^ 



'dF\ fdF\ 



dF dF 



Rm-8 



\dx ) \dy ) dp dq 

dF dF . „ /dF\* 



> 



+ T 



m 



\dq J "^ dp dq 

--{(S)f-(f)f}-» 



(15). 
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This result may also be established by forming the equa- 
tions of condition which express the proportionality of 
By 8, ...V, to the corresponding quantities m the constructed 
equation (7). From these equations of condition it is actually 
possible to eliminate in two distinct ways the quantities 

f-T-j, (;y~)> -^j-j j-> the result being the formation of two 

partial differential equations for u agreeing in form with those 
above given for F. (See the memoir Ueber die partielle Diffe- 
rentialgletchunff.,. Creiys Journal, Vol. 61.) The actual 
transition from the former to the latter rests upon the con- 
sideration that the equation F {u, v) = 0, when F is arbitrary, 
is not really less general than the form 4> {F{u, v), v} = 0, in 
which the ^ is arbitrary. And here u has been replaced by 
F{u,v). 

The only condition respecting the application of the above 

equations is that we do not admit any relations which make 

.^, dF dF ^ . , 

either -t- or -i- to vanish. 
dp dq 

5. Prop. hi. The solution of the system of partial diffe- 
rential equations established in the last proposition may in all 
cases be made to depend upon that of simultaneous linear partial 
differential equations of the first order. 

In demonstrating this proposition we shall consider first 
the case in which f7= 0, then the case in which F= 0, lastly 
the case in which neither of these quantities vanishes. The 
ground of this division will appear in the investigation. 

Case 1. Suppose Z7= 0, The equation then is of Monge's 
form, 

Rr-^-Ss+Tt^V. 
The second equation of the system (15) becomes 

E (^)' -8—^+T f^V= 
\dq J dp dq \dp / ~ ' 
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and therefore breaks up into the equations 

dF dF ^ dF dF ^ 
dq ^dp ^ dq * dp ' 

m^ and m^ being the roots of the quadratic equation 

Jim^''8m+ T-^0 (16). 

0- 

9 

As each of the above constituent equations is of the form 

dF^ dF 
dq dp ' 

* 

the system (15) may be reduced to the form 

dFdF 



\dx J dp \dy ) dp 



dp \dy J dp dp dp 



= 0, 



which breaks up into the equations 



dF ^ fdF\ r^fdF\ ^^ dF 

dp \axj \dy J dp 



The former of these we must reject (Art. 4)» There re- 
mains for the determination of F the system of linear partial 
differential equations 



MS ^^(f)^ >-"■"-» 



dF dF ^-^ 

-J m-T- =0 

dq dp 

dF 
dp 



(17), 



and there will exist either one or two systems included under 
this form, according as the roots of the quadratic (16) are 
equal or unequal. 



B.D.E. II. 
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Case II. Let F=0. The system (15) then becomes 

r.(dF\dF m(dF\d^ ^fdl\fd^ 
\dx) dq \dyj dp \dx)\dy)'^ ' 



\dqj dq dp \dp J 



}\dxjdp \dy) dq] 



Eliminate U\yj multiplying the first equation by 

(j£\dt^ (dF\dF 
\dx) dp \dy J dq ' 

the second by 

(dF\ fdF\ 
\dx)\dy)' 

and subtracting; we obtain, after rejection of the common 

^ , dFdF 
factor -7- -J- , 

' *(f)'-«(S)(f)-^(D'-»- 

We shall put this equation in the place of the second equa- 
tion of the system. This we are permitted to do under the 
restriction that in seeking to satisfy the system so changed 
we do not make use of any relations which would cause either 
of the two factors employed in the process of elimination to 
vanish or become infinite. 

The new e(juation reduces to one equation, or breaks up 
into two equations of the form 



©-©=» (•»). 



<dy 

m being determined by the quadratic equation 

Jim''+Sm+T=0. 
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Making i^J^^VT') ^ ^^^ ^^ equation of the system 
(15), we get 

wbicli breaks up into 

But if we combine the first of these with (18), we obtain 

(f)-». ©-». 

and this combination causing both the factors employed in 
the elimination of U to vanish must be rejectea. There 
remains then the combination 



(S)-"'(f)-»i 



\dyJ 
dF „dF '-"^^ *■ (^^^' 



da dp 



*(f)=«l 



and this will represent either one or two systems of equations 
according as the quadratic determining m has equal or un- 
equal roots. 

Case III. Let neither ?7= nor F= 0. 

Multiply the second equation of the system (15) by an 
indeterminate quantity Z, and add to the first ; then we have 



dF\ 



\axj dp \dyj dp 

\dy) dq^ \dx) dq^ 



+ (^-^ff=0 .....(20). 



dp dq 



9—2 
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We shall enquire whether it is possible so to determine I 
as to resolve this into linear factors. 

We might investigate this by resolving the equation as 
a quadratic with respect to -p or -7—. But the form of 
the equation suggests what the forms of the linear factors 
must be if the resolution be possible. For as the squares of -j- 

and -r- both appear, and these squares alone, in the func- 

tion to be resolved, it is clear that -y- and 3- will be the 

cLq ap 

only differential coeflScients of F which will appear in both 

linear factors in common. The most general supposition 

f7F nF 

possible is then that one factor shall contain -r- and 1- with 
^ dq^ dp 

(■-p j , the other the same with ( ^ ) • 

Assuming then one factor to be of the form 

7 ^+ ^4. (^\ 
dq^ dp \dx ) ' 

it is seen from the .form of the coeflScients of tha first three 
terms of (20) that the other factor must be of the form 

^dF TldF^ UfdF\ 
dq m dp n \dy)^ 

and the resolved form of (20) must be 

\ dq mHp n \dyj) \ dq dp \dx)) ** 

Multiplying out and equating coeflScients, we obtain the 
conditions 
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m= 


Tin 

' m ' 






T= 


Um 

' n ' 






m= 


m 

' n ' 






B = 


■■Rn, 




V- 


•m= 


5«t + 


2'P 
m 



The third and fourth of these conditions are equivalent, 
and give n = l. The first and second are also equivalent, 

and give m^-jj* These values reduce the last equation of 
condition to 

r^ + /Sfi + ^-F=0, 

so that I is determined by a quadratic. The resolved form 
of equation (20) now becomes 

To these results we may give a somewhat simpler form by 
making Ul=m; not the m used above. We have then as 
the quadratic for determining m, 

m^+8m + BT- Z7F=0 (21), 

and as the resolved form of (20), 
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Let m^ and m^ be the values of m. Then we have from the 
last the two distinct equations 



\dy )] n dg[ dp 



[ 









and it is evident that these will be together equivalent to the 
equations (15) from which they were derived. 

Now to satisfy these equations simultaneously it is neces- 
sary that we should equate to one linear factor from each of 
their first members. If we equate to the first linear factors, 
we have 



r,dF ■ dF . rT{dF\ ^ 



j.dF^ dF^^(dF\ ^ 



whence, by subtraction, 

This combination must therefore be rejected (Art. 4). For 
the same reason must the combination formed by equating to 
the second linear factors in the left-hand members of the 
above two equations be rejected. There remains then only 
the combinations formed by equating to the first factor of 
one of these members, and the second of the other. 



Thus we should have the combination 

'dF' 



j.dF^ dF^ 



-(f)-. 



dF 



m^'^f^Tf^^ut 



dF\ 
\dxj 



y 







J 



(22), 
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with the combination which would be obtained from this by 
interchanging m^ and m^. 

6. It results from the foregoing investigations that the 
function F is in all cases to be determined by the solution of 
two simultaneous linear partial differential equations with 
Jive independent variables. Now the theory developed in 
Chapter xxv. shews that the number of integrals of such a 
system cannot exceed three. That theory enables us both to 
determine what the number of integrals is, and to construct 
the system of ordinary differential equations, reducible to the 
exact form, upon which their discovery depends. 

We have seen that the knowledge of two integrals u = a, 
v = b o{ the system enables us to construct a general first 
integral 

of the partial differential equation (3). And the solution of 
this first integral would lead us to the second integral which 
is the final object sought. But the direct solving of a partial 
differential equation of the first order which is not linear and 
which involves in its actual expression an arbitrary ftmction 
is difficult, and happily it may be avoided here. The fol- 
lowing propositions will enable us to accomplish the virtual 
solution by a different solution, founded however upon the 
same general principles. 

7. Prop. IV. The integrals of the respective systems of 
stmuUaneotis linear partial differential equations upon which 
the determination ojF depends are so related thixt if from two 
such respective integrals the values of p and q are d^ermined, 
they will render the equation 

dz ^pdx + qdy 

integrable. And in the particular case in which the tvx) systems 
become identical, any tvx) integrals of the system stand in the 
same relation* 
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For, let <E> be an integral of the system (22), and '9 an 
integral of the associated system obtained by interchanging 
m. and m^ in the case in which these quantities are different. 
Then ^ satisfies the equations 

and ^ satisfies the equations 

But the necessary and sufficient condition in order that the 
values of p and q derived firom the equations ^ = 0, '*' = 0, 
may render dz ^pdx - qdy integrable, is 

/M\ d9_d^ fd^ 
\dx) dp dp \dxj 

/d<^\ d^ d^ /d<ir 



Hf)f-fQ=« <^"- 



See Chap. XIV. Art. 11, Equation (36). 

Now if Irom the previous equations we determine the values 
of 

fd^\ f^\ fd^ fd^ 

\dx)' \dy)' [dxj' \dyj' 

and substitute them in the above equation of condition it will 
be identically satisfied. 



f 
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The determination of (■;t-) , — from the previous systems 

requires that U should not vanish. Hence the proposition is 
established except in the case of Z7=:0, which is left; doubtfiil. 

To examine this case let us revert to the system (17) which 
is proper to it. To that system since 

-Bm"-i8m+r=0, 

whence Bm^rn^ = 2^, 

we may give the form 



dF dF . /dF\ , /dF\ V ajy ^ 



V dF 
R dp 



or the form obtained from this by interchanging m^ and m^. 

Substituting in these respective forms ^ and ^ in succes- 
sion for Fy we find 

d^_ m (d^\_ f^\ V d^ 

dg^'^'dp' W"" '^^Kdyl'^Rl^' 

d^_ d9 fct9\_ fd9\ r d¥ 

dq^'^'dp' [dx)'"^'^A'd^J''M ^' 

and these values substituted in (23) reduce it to an identity. 
Thus the proposition is established generally. 

Lastly, as in the case in which the two roots of the quad- 
ratic for determining m are equal, the two systems of partial 
differential eauations for determining ^ and "9 become one, it 
follows that if from two integrals of that one system we can 
deduce values of j> and q these values will render the equation 

dz^pdx^ qdy = 
integrable. 
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8. Prop, v. When the system of simultaneous linear par- 
tial differential equations determining F admits of two integrals 
u^a, t? = J, it will admit or will not admit of a third inte- 
gral w^'C, according as the roots of the quadratic determining 
m are eqiuil or unequal. 

The system in question, (22), becomes when we divide by 
Z7and write for (-7—) and ( 3- ) their full expressions 

dg^^ dz^ U dp'^ U dq" ' 

dF dF TdF ^dF_ 
dx'^^ dz'^ U dp'^ U dq ' 

or A, 7^=0, A,jP=0, 

in which 

.^e?' d m^ d It d 

A— ^_i_ d T d m^ d 
Hence the equation 

(AA-Mi)^=o 

becomes 
m.-m^dF ^ f.T. m\AF /. m, . B\dF ^ 

In this expression the coefficient of the first term only has 
been calculated. 

Now, bjr the theory developed in Chap. xxv. in order that 
the two simultaneous partial differential equations should 
have their full complement of integrals (three) it is necessary 
that the above equation should be satisfied identically. This 
involves three conditions, namely, 
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Wj — W, = 0, 

# 

the first of which is the one aflfaned in the Proposition to be 
necessary. 

Secondly, it is to be shewn that if this condition be satis- 
fied and if the system of given linear equations admit of two 
integrals w — a, v = J, it will admit of a third. 

Replacing m^ and m^ by m the system becomes 

dF dF mdF R^ ^-o 
dy'^^dz^ TJ dp^ U dq^^' 

dF ^.^^ ^^=0 
dx ^ dz U dp U dq ' 

Now if we construct from this the corresponding system of 
ordinary differential equations, we shall find it to be 

dz —pdx — qdy = 0, 

Now it is impossible that the first of these equations should 
be integrated without a previous determination of p and q as 
functions of a;, y, «, seeing that dx^ dy^ dz are the three differ- 
entials entering into that equation. Such determination can 
only come from the integration of the second and third equa- 
tions of the system. But if these equations can be integrated 
in the forms w = a, v = J, then u and v being particular values 
of F satisfying the partial differential equations, it follows 
from the last proposition that the values of p and q which 
they will yield will make the first equation integrable. 
Hence if the system admits of two integials it will adinit of 
three ; as was to be shewn. On the basis of these Proposi- 
tions the theory of the second integration rests. 
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The<yry of the Second Integration. 

9, First suppose the values of m unequal. 

Then Wi = ai, Vi = 5i being the two integrals (and we have 
seen that there cannot be more than two) of one of the systems 
of linear partial differential equations, and Wj= a,, v, = J, those 
of the other, the general first integrals of the given system 
will be 

<E>K, t?i) = 0, •S?(t/„ v,)=0. 

The values of p and j determined from these will by 
Proposition iv. render 

dz ^pdx — qdy = 

integrable, and the integral of this will be the general integral 
of the proposed partial differential equation. For it will in- 
volve explicitly or implicitly two arbitrary fdnctions derived 
from those in the first integrals. 

It suffices however, following herein Charpit's method, to 
combine one general first integral derived from the one sys- 
tem with a particular first integral derived from the other 
system, e.g. the integrals 

^(Wj, vj = 0, M, = a. 

The values of p and q hence derived, and employed as 
before, will lead to a second integral involving one arbitrary 
fanction and containing two arbitrary constants. This con- 
stitutes a complete primitive from which the general solution 
will be obtained by converting one of the arbitrary constants 
into an arbitrary ftmction of the other, and eliminating the 
latter between the equation and the one derived from it by 
differentiation with respect to that constant. 

Secondly, suppose the values of m equal. 

In this case we have but one system of partial differential 
equations so constituted however that if it admits of two inte- 
grals it will admit of three. 
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Let w=a, v = b, v>=^c represent these integrals. Then if 
from these we eliminate^ and q we shall obtain a final inte- 
gral of the form 

.and this constitutes a complete primitive from which we shall 
deduce the general integral by making J = ^(a), c='^(a), 
and eliminating a between the equations 

da 

To prove this let us combine the general and particular 
first integrals 

v=i<f>{u), u = a. 

The values of;? and q hence obtained make 

integrable, and the result can be no other than the remaining 
integral to = c, or rather what this would become on eliminat- 
ing j> and q from it. But since the equations by which this 
integration are to be effected are equivalent to 

to will become a function of x, y, z, a and <f) (a). Also by 
Charpit's method c is to be treated as a function of a, so that 
ultimately we have the result above assigned. 

We have here supposed U not to vanish. If it do the 
theory assumes another but simpler form. Let 

v=/W> w = yjr{u) 

be the two general first integrals. Then, since by the con- 
dition at the close of Art. 2, if p be eliminated from these 
equations q will also disappear, it suffices to eliminate them 
together in order to obtain the general second integral. 
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10. Although the cases In which Z7= and F= have in 
the foregoing sections been treated for simplicity apart, their 
theory might have been deduced from that of the case in 
which neither Z7nor F vanishes. 

Thus to deduce the equations for the case of ?7= elimi- 
nate from the general system (22) -j- and -j- in succes- 
sion, and we find 

But from (21) BT- m^m^ = UV. 
Substituting, and then dividing by ?7we find 

the equation determining m^, m, being 

m^+Sm + BT^O. 
This is equivalent to the results of Art. 5, Case i. 

m 

11. We found it necessary (Art. 3) in order that the gene- 
ral partial differential equation of this Chapter should be satis- 
fied by the envelope of a system of surfaces the equations of 
which contain three parameters varying under two conditions 
that the relation 

/g' + 4(Z7r-iir) = 

should be satisfied. 

It appears from Art. 8 that this is but one of three condi- 
tions necessary and together suflScient for this purpose. The 
formal conditions for everv form of ultimate solution con- 
sistent with Jhe existence of a general first integral -F(t«, i;)= 
can be deduced in the same way. 
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[In the Bulletin de VAcadimte ImpSrtale des Sciences de 
St F^tersbourg, Vol. IV. 1862, there is an article entitled Con- 
sidfrations sur la recherche des integrales premHrea dea 4qua^ 
tions diff^rentiellea partieUea du second ordre^ par G. Soldt 
(Lu le 7 Juin 1861). 

Tte article occupies pages 198 — 215 of the volume. Al- 
though the name does not quite correspond, I consider that to 
be a misprint, and I attribute the article to Professor Boole, 
partly from the ^nature of the contents, and partly because it 
IS known by his* friends that he was engaged at a time corre- 
sponding to the date here given in the preparation of a mathe- 
matical article in French. 

The object of the article is to determine the conditions 
necessary for the existence of a first integral of the equation 

^ d^^^dxdy^^ dy"^^ ^' 

where jB, S^ T, and TTare any ftmctions of a?, y, «, ^ and -t- ; 

and also to determine the conditions which must hold in order 
that Ampfere's method of integration may be employed. 

In Crelle's Journal, Vol. LXI. there is an article by Pro- 
fessor Boole^ entitled Ueier die partielle Differentialgleichung 
zweiter Ordnung Br + Ss •\' Tt + U {/ -- rt) = F. 

The article is dated 1862 ; it occupies pages 309 — 333 of the 
volume. 

Among Professor Boole's manuscripts I found a memoir 
very closely resembling the article in Crelle's Journal; it 
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would appear that the memoir was drawn up with a view to 
publication in the Transactions of some English Scientific 
Society, and that this design was afterwards abandoned in 
favour of the article in Crelle's Journal. 

After some hesitation I have resolved to print this memoir. 
Even if the memoir had been identical with the article in 
Crelle's Journal it would have been convenient to the English 
reader to be able to avail himself of the investigations ; and 
the memoir contains remarks which do not occur in the article, 
and which are interesting in connexion with the history of the 
subject. There is some repetition of matter which has alreadv 
been given in Chapter xxvili.; but I was unwilling to impair 
the completeness of the memoir by abridgmept or omission. 
Accordingly the memoir forms the next Chapter of the present 
volume. 

In Article 2 of the next Chapter will be found the pro- 
cess to which there is an allusion towards the end of Article 4 
of Chapter xxviii. 

It is obvious that the subject of partial differential equa- 
tions of the second order was much studied by Professor 
Boole. The chronological order of his writings on the sub- 
ject appears to be as follows : 

1. Chapter xv. of the first edition of his work. 

2. The article in the Bulletin of St Petersburg. 

3. The memoir which forms Chapter xxix. of the pre- 
sent volume. 

4. The article in Crelle*s Journal. 

5. The Chapter xxviii. of the presjent volume.] 
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CHAPTER XXIX. 

ON THE SOLUTION OP THE PARTIAL DIPPEKENTIAL EQUATION 

Br + 8s+n+ U{s*-rt) = V, in which R, 8, T, U, V 
ARE GIVEN FUNCTIONS OP X, y, z, p, q. 

1. The equation, the theory of the solution of which 
I propose to consider in this paper, is remarkable from its 
connexion with Geometry. If the equation of a surface 
contain three constants which vary as parameters in sub- 
jection to any two conditions connecting them, the gene- 
rated envelope will satisfy a partial differential equation of 
the above form. In other words any envelope of the surface 

formed by the variation of a, h, c in subjection to two con- 
necting conditions 

<^i («* *» <^) =0, ^2 (^> &, c) = 

is necessarily an integral of a partial differential equation of 
the form given above. 

Now this theorem is the more important, because it is 
only when three parameters in the equation of a surface 
vary in subjection to two relations that the envelope pos- 
sesses, irrespectively of the form of the connecting relations, 
any definite character. If there be but one connecting rela- 
tion it is possible to determine that relation so as to make 
the envelope assume the form of any surface whatever, and 
therefore the possible system of envelopes is in such case 

B.D.E. II. 10 
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unlimited. If there be three conDecting relations the para- 
meters become absolutely constant and no envelope exists. 

The partial differential equation 

Rr-\'88'\-Tt'\-U{/''rt)^V 

is remarkable also as including all the cases in which a 
partial differential equation of the second order admits a 
first integral of the form 

w=/(v), 

u and V being definite fimctions of a?, y, z^p, j, and/(t') 
arbitrary in form. 

Neither of these statements is sufficiently general to con- 
stitute a theory of the genesis of the partial differential equa- 
tion under consideration, but the second one is more general 
than the first, and is indeed sufficiently so to serve as the 
ground of an investigation which connects the solution of 
the equation in all cases with the satisfaction of a system 
of simultaneous ordinary differential equations of the first 
order and degree. And this is the ground upon which the 
method of the paper will rest. I propose to shew, 1st that 
the solution of the given equation on the assumption that 
a first integral of the form u=f{v) exists requires the satis- 
faction of a system of two partial differential equations of 
the first order and second degree ; 2ndly that this system may 
be resolved into four systems, each consisting of two partial 
differential equations of the first order and first degree, two 
of which systems are irrelevant and the other two relevant; 
3rdly that the solution of the two relevant systems ulti- 
mately depends on the solution of a system of ordinary 
differential equations of the first order, and that from these 
ordinary differential equations the given equation of the 
second order may be deduced independently of the assump- 
tion above mentioned. 1 shall also discuss the theory of the 
second integration. And I shall exemplify another method 
of solution connected by a remarkable law of reciprocity with 
the above methoi 
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First Investigation. 

2. Peop. I. ^fu=f{v) he a first integral of the equation 

Itr + Ss+Tt+U{^-rt)^V (1), 

then will u and v, considered as Junctions of a?, y, z, p, q, each 
satisfy two partial differential eqtmtions of the form 

/du\* 



^MI(s)^l(|)}-<' 

jy fdu\ du m(^^\ ^^ 
\dx) dq \dy) dp 

jjfdu\ fdu\ y.du du ^ 
\dx) \dy) dp dq 



(2), 



T . 7 {du\ J fdu\ . J ^ du ^ du j du ^ du 
m which (^^j and (^^j etand for -^+p ^, and ^ + qj^ 

respectively. 

To demonstrate this proposition we shall form directly the 
partial differential equation of the second order of which 
u=if{v) is an integral and, comparing that equation with (1), 
deduce the conditions for the determination oi u and v. 

Differentiating u=^f{v), first with respect to x and secondly 
with respect to y, we have 

du du dz du dp du dq 
dx dz dx dp dx dq dx 



"''' ^ ^ [dx dz dx dp dx dq dx) * 



du du dz du dp du dq 
dy dz dy dp dy dq dy 



^,, . (dv dv dz dv dp ^ dv dq 
•' ^ ' \dy dz dy dp dy dq dy) 



10—2 



{ 



8 
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.- ^ du , du ^ fdu\ du dxi . fdu\ 

or, if we represent ^+p^^ by ^ , ^+j^ by ^ , 

gbyr,|andgby,,and|by«, 

/dz*\ . <?w . du -,, V f/cfo\ . e?i; . dv\ 

(|)^'|^'|-/'m{(|)*'|+'|1- 

Eliminating/' (v) we arrive at the partial differential equa- 
tion of the second order, 

du (dv\ ^ dv fduVi 
dp \dy/ dp \dy/) 

(du /dv\ _ dv /du\ dv /du\ ^du /dv\\ 
(dq \dy) "" dq \dy) dp \dx) dp \dxJ) 

fdv (du\ _ du (dvV\ (du dv^du dv\ , ^^ . 
\dq \dx) dq \dxJ) \dq dp dp dq) ^ ^ 

- (I) (I) - © (I) (')• 

It is seen that as respects the mode in which the quan- 
tities r, Sy t are involved this equation is of the same ibrm 
as the given equation (I). That it may be equivalent, its 
coefficients must stand to those of (1) in a common ratio fju. 
This gives 

du fdv\ dv (du\ ^ , . 

^ i^J -^ \dy) ='*^ (")' 

du fdv\ dv (d^ d» (du\ du (dv\ _ „ „. 
dq \dy) dq \dy) ■*■ ^ \dx) " Tp W ~'*^ ^^'' 

dv /du\ du (dv\ _ rp i \ 

dg \diJ ~d^ w -'*-' w. 
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du dv du d'O ^ jj . , 

dq^dp dp dq^ ^ ^' 

I 

As we have here five equations which are homogeneous with 
respect to the four differential coefficients of v and to /^, it is 
clear that we can, by the elimination of these quantities, 
obtain a relation connecting the differential coefficients of u 
with jB, 8, T, &c. But the peculiar cyclical form of the 
functions in the first members of the above system enables 
us to effect this elimination so as to lead to two final €fqua- 
tions independent of v and [i. 

Thus multiplying (a) by (g) |, (o) by (|) |l, 

^^ ^^ {£) (^) ' *°^ ^*^ ^^i'^' *°^ adding, we find, on 
rejecting the common factor /*, 

\dxj dq \dyj dp \dx/ \ayj 

*^%%-'> w- 

Agdn, iindtiplyii.g (a) by (g) , (J) by (g) (^), («) bjr 

jecting the common factor;/^, we have 
dtCs^ . cifdu\ fdtc\ mfdu^ 



^(l)^OS)+^Q 



-i(l)|H|)|}- (^)- 
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Hence, u considered as a function of x, y, z, p, q satisfies 
the two partial diflferential equations (4), (5), botn which are 
of the fii^t order and second degree. 

As u and v enter symmetrically into the system (a), (6), 
&c., V will also satisfy two partial dififerential equations of 
the same form, viz, the equations 



\<ixj dq \ay/ dp 



-\ 



\dxj \dyj dp dq 

Udv\ dv fdv\ ^1 _ 



>■ ... (6). 



+ F 



J 



Further, these two systems of equations constitute the 
complete system of equations resulting from the elimination of 
/x from the five equations (a), (J), (c), &c. ; for in their deter* 
mination,no factor involving either the* differential coefficients 
oft* and V, or the quantities iJ, S^ jT, &c. has been rejected 
directly or indirectly. 

I am not aware that the above results of elimination have 
been noticed before. 

3. Prop. II. The system of partial differential equations 
above obtained for the determination ofu, viz. 

j^ fdu\ du rpfdu\ ^ 
\dxj dq \dy) dp 
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admits of resolution into four systems, each consisting of two 
linear partial differential equations of the first order* Of these 
systems two only are relevant to the solution of the problem. 

For, multiplying the second hj an indeterminate quantity 
\, and adding the result to the first, we have 






p/d^\ du ydu du m(du\ du 
\dx) dq dp dq \dy) dp 

+'^©l^(l)l)-« (')• 

Now let us see if it is possible to determine X so as to 
make the first member of the equation resolvable into linear 
factors. We cannot say d, pricyri that such resolution is pos- 
sible as we should be able to do if that member were homo- 
geneous and of the second degree with respect to three instead 
of with respect to the /our subject variables 

/^\ fdu\ (du\ fdu\ 

\^)' \d^)' \d^)' v^r 

Observing that the squares of -r- and -7- are wanting 

in the first member of (8) while those of [-r-J and f -r-j 

appear, we are led to assume as the proposed equivalent of 
that member an expression of the form 

{*(!)+»© +«iHS)^»'(l)-'|}- 

Multiplying the factors of this expression together and 
then equating the coefficients with those of the first member 
of (8) we have 
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Rm' + \m= U+8X (a), 

mm!^T\ (J), 

\n=^W=mn (c), 

Rn = JS (<?), 

wm'= T (e), 

W=F (/), 

From (J), (c), (c?), we find 

n=: F, w' = l, m = \F, m' = -p., 

values which will be found to satisfy (e) and (/) also, and 
which reduce (a) to the form 

FV-sr\+ii;r- ?7f=o. 

Supposing \ thus determined, the equation (8) becomes 

The result is a little simplified if we retain m in place of \. 
We thus find as the resolved form of the given equation 

m being determined by the quadratic 

If wij, Tw, be the values of m thus found, we have 

= 0, 



\<iy<i)*^%\{<iy^Q-^ 



ABT. 3.] OP THE SECOND OEDER. 153 

and these tv\co equations are manifestly together equal to the 
system (7). 

Now these equations can only be simultaneously satisfied 
by equating to 0, one factor in the first member of each ; and 
the different combinations which are thus possible give rise 
to four binary systems of linear equations. Let us examine 
these systems separately. 

If we simultaneously equate to the two first factors of 
the left-hand members of the last two equations, we have the 
systems 

t 

^ fdu\ [du\ . ^du ^ 

a system which, when m^ and m^ are different, is reducible to 
the system 



*©^''i=». ©=»• 



dp ' \dy* 

It is clear that this cannot lead to a value of u satisfying 
the given differential equation (1), because it takes no 
account of the forms of 8j ZZ, and T. Indeed if we actually 
eliminate 

<fw\ /du\ du du 



(djA /du\ du du 
d^)' \dy)' ^' Tq 



from the above equations by means of the system 

'rfwX . du du 



/au\ au du __ 
\dx) dp dq " 

(du\ du du 



(10), 
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(derived from tlie assumed first integral u =;f{v) by making 
f{y) = c, and differentiating the result first with respect to Xy 
then with respect to y), we find as the result 

Again, if we equate to the two last factors of the right- 
hand members of (10), we have 



"^©-^©^''S-". 



dyJ dg 
which, if 7»j and ra^ are different, reduce tO' 

And it is evident that neither are these equations consistent 
with the given equation (1), because they take no account of 
^, Z7, and JS. The equation of the second degree to which 
they actually lead is 

There remain then the two systems formed by combining 
the first factOF of each one of the first members with the 
second factor of the other, viz. 



B 



du 



(S^-.(l)-''i-» 



> 



(11). 



*©+•». 



d'p 



fdu\ rp ld'a\ j^du ^ 
^ \dx) \dy) dq "" 



,(12). 
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That these systems are relevant to the solution of the pro- 
blem under consideration may be shewn by eliminating from 
either of them by means of (10) the quantities 

fdu\ fdu\ du du 
V^y' \dy)' Tp' dq^' 

The actual result will be 

F{J5;r + ;&+2V+Z7(s»-rO-F} = (13), 

which, except in the particular case of F= 0, reduces to the 
given equation. 

More generally, if in the equation 

u =/(t;) 

u and V are any distinct solutions of the system (11), the 
same result of elimination may be deduced. For v by hypo- 
thesis satisfies the equations 






Subtract these equations multiplied loyf'{v) from the corre- 
sponding equations of (11), and representing u^f{y) by W, 
we have 



7n, 



©--(f)-"?-. 



which being of the same form as (11) it follows that 

Tr=0 or t*-/(i?) = 

also leads to the partial differential equation of the second 
order (13). 
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4. Prop. hi. To reduce the determination of the first inte- 
grals of (1) to the solution of a system of ordinary differential 
equations. 

Each of the systems (11), (12) presents u as satisfying 
simultaneously two linear partial diflferential equations of the 
first order. 

To deduce the value of u thus conditioned it will obviously 
suffice to multiply in each system one of the partial differen- 
tial equations by an indeterminate multiplier \, to add the 
result to the other equation so as to form a new equation 
which will, like those from which it is formed, be linear and 
of the first order, and which on account of the indeterminate 
character of \ will be equivalent to the two. From the 
auxiliary equations which we obtain in the process of solu- 
tion, \ must be eliminated. 

If in this way we combine the equations of the system (11), 
we have, on arranging the resulting equation according to the 
differential coefficients of w, 



fe + m^ + \{Ts +m,i?)| £ 



+ 

ap aq 

Hence we have the auxiliary equations 
dx _ dy _dp^dq dz 

dw = 0, 

and it is to be remembered that mi, m^ are the roots of the 
equation 

m^-Sm-^-BT-TJV^O. 
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Eliminating X from the first four of the above equations we 
have 

Udq + m^dx — Rdy = 0\ 

Udp + m^dy^Tdx=^o\ .* (I). 

dz — pdx — qdy = o) 

This then is the system of ordinary difierential equations 
deduced from (11) upon the integration of which the determi- 
nation of u will depend. 

A similar system, differing from the above only in the 
mutual transposition of m^ and m^, is given by (12), viz. 

Udq + m^dx — Rdy = 

Udp-^-m.dy^Tdx^^O (II). 

dz — pdx — qdy = 

If from either of these systems we can deduce two inte- 
grals of the forms 

t^ = a, V = J, 

it is obvious, from what precedes, that 

u =/(v) 

will constitute a first integral of the proposed (1), and there 
being two systems in question, two such first integrals, each 
involving an arbitr^,ry constant may coexist. 

5. Prop. IV. To deduce the second integral of {1)^ 

It will be necessary to consider separately the cases in 
which m^ and m^ are equal and unequal. 

First let m^ and m^ be equal. 

Both the systems (I), (II) reduce to a single system which 
may be expressed in the form 



dp := -^dx - jjdy 



m 



^ = — Yj-dx-^ Edy 
dz = pdx + qdy 



y .-.(i^). 



j^ 
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Now, since the condition ;7 = ^ is here satisfied, it is 

manifest that if from any two mtegrals of the above system 
of the forms t^ = a, v = J, simultaneous values of p and a *be 
determined, these values will render the third equation oi the 
system integrable, and the effect of its integration will be 
virtually to determine ;5 as a function of a?, v, and three arbi- 
trary constants, viz. a, J, and a constant c introduced in the 
last integration. Let us represent the result in the form 

z = (f>{x, y, a, J, c) (15). 

Now what relation will this result bear to the general solu- 
tion of the partial differential equation given, to the solution 
which we snould obtain by integrating, not the particular 

Xations u = a, v = J, but the general first integral u =/(v), 
ch includes them both. 

To integrate the equation u —f{v) it suffices to deduce any 
particular equation involving an arbitrary constant b, which, 
m conjunction with u =/(v) will render 

dz —pdx — qdy = 

ntegrable, and to integrate the last equation regarding the 
arbitrary constant of integration as an arbitrary function of 
b. The result is a complete primitive in which, by the 
variation of J as a parameter the general integral is implicitly 
involved. 

Now either of the equations w = a, t? = J will, in conjunc- 
tion with u =f(y) determine^ and q so as to make 

dz —pdx — qdy = 
integrable. Take the equation v = J, then u =^f(v) reduces to 

u =/(J). 

Thus, in place of the equations w = a, v = S, of the previous 
section^ we have 
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for the determination of p and j. The constant c introduced 
in the final integration becomes also, according to the above 
theory, a function of &, and the complete primitive is of the 
form 

z^^{x, y, J, /(J), ^ (&)} (16), 

while the general integral is found by eliminating h between 
this equation and its differential with respect to h. 

The general integral therefore represents the envelope of 
the surface represented by (15), a, i, c being parameters sub- 
ject to any two connecting conditions. 

As m^ , m^ are supposed equal, a necessary condition of the 
possibility of this species of integration is that 

i&^-4(i2r-Z7F) = (17), 

Of 

the value of m is — , and the system (14) reduces to 



dz — pdx — qdy = - 



(18). 



We conclude therefore that if (17) he satisfied and we can 
from (18) deduce a value of z in terms of x, y, and three 
arbitrary constants, the equation expressing that value will he 
a complete primitive, and the general integral will he found 
hy making the constants vary in subjection to two arbitrary 
conditions. 



Ex. Let the given equation be 

xqr + ypt + ocy {s^ — rt) =pq. 

Here B = xq^, S=^0, T^yp, TJ^xy, V=pq. 
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The condition (17) is satisfied, and (18) becomes 

xydp—ypdx=^0, 

xydq — xqdy = 0, 

dz —pdx — qdy = 0. 

From the two first of these we find 

whence from the third, 

z = h -^ + c. 

2 2 

This is the complete primitive, and the general primitive 
consists of all possible equations derived from this by making 
a, J, c vary in subjection to two conditions. 

Ex. 2. Given 

= -(!+/ + 2^*. 
Here the equation for m reduces to 

m" + 2pqm +^V = ^> 
whence m = — pg, and the system (18) gives 

dq 



(1 +/ + J*)* 



+ pqdx + ( 1 + j") e/y = 0, 



(I+/+2)* 
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Subtracting the upper equation multiplied by pq from the 
lower one multiplied by 1 + j*, and dividing by 1+^+ j', 
we have 






whence 



* + V(l+/+!f)""' 



In like manner^ 



2 b. 



Hence determining jp and j, 

, _ {x''a)dx + {y''h)dy 

Therefore (a? - a)» + (y - &)' + (;r - c)' = 1 . 

From this form of the complete primitive it is evident that 
the general integral will represent all possible tubular surfaces 
formed by the motion through space of a sphere of constant 
radius unity. 

Secondly, let m^ and m^ be unequal. 

Then since, in neither of the systems (I) and (II) is the 

condition ;/- = ;? - satisfied, from neither system separately 

can values oip and q be obtained which make dz =pdx + qdy 
integrable. 

But, as will be shewn, any two integrals obtained, the 
one from the one system and the other from the other, will 
give values of p and j which will render dz^pdx-^-qdy in- 

B.D.E, II, 11 
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tegrable, and the general solution will consist of all possible 
integrals of the latter equation thus obtained* 

Or if the complete first integral of either system be com- 
bined with any particular integral involving an arbitrary 
constant obtained from the other, the two will furnish values 
o( p and q which render dz=pdx + ^dff integrable, and its 
integral will be a complete primitive involving one arbitrary 
function in its expressed form, another in the connexion of 
its two constants ; the general primitive being found in the 
usual way by making the constants vary as parameters in 
subjection to a single arbitrary connecting condition. 

In fact it may be shewn that if we attempt by the process 
of Charpit or Lagrange to integrate the partial differential 
equation of the first order w =/ (v), deduced we will here sup- 
pose from the system (i), we virtually construct the system 
(ii) in the auxiliary equations upon which the process of 
solution turns. I have obtained a direct proof of this proposi- 
tion, but I think it preferable and at the same time sufficient, 
to direct attention to the prior ground upon which it rests in 
the relations of the svstems of partial differential equations 
(11), (12) from which the systems of ordinary differential 
equations (i), (il) are derived. 

Let P=0 represent any integral of the system (11), and 
Q = any integral of the system (12). Then we have 

dp \dx) * \dy) 



-^f-".(S)-^(f)- 
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Hence we deduce 

Xdp \dx) dp \dx) dq \dy) dq \dy )) 

-{MS-.(f)KiV{^fi)--(f)}© 
M».(S-<f)Kf)-HS)-^(f)}(f)- 

The second 016011)61 of this equation is identically 0. Hence 
dividing bj F we have 

f(m-mf)^mf)-m§-yo (i9). 

dp\dxj dp\dxj dq\dyj dq\dy} ^ ' 

But this is the known condition under which the values 
of p and g deduced from the equations P = 0, Q = make 
dz=^pdx-\'qdy integrable; see Chap. XIV. Art. 13, Equation 
(36). 



We conclude then that if from the systems (l), (ll) we can 
deduce two corresponding systems of integrals 

then wUl the first integrals of (1) he 

while the second integral will consist of all possible relations oh^ 
tained either 1st hy specifying the forms off , f and obtaining p 
and q as functions of x and y and integrating dz =:pdv + qdy, 
or 2ndly, by specifying one of the functions f^f, leaving the 
other arbitrary, determining p, q, integrating az = pdx + qdy^ 
and regarding the final constant of integration as an arbitrary 
parameter. 

11—2 



jdb — ady = 0] 
\^y — cAx = OJ 
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Ex. Given ar + J^ + c« + 6 (s* — r^) = A, the coefficients 
being constant. 

HerejB = a, /g=5, r=c, J7=e, F=A. 

Hence Wj, m, are the roots of 

m' — Ji» + oc — eA = 0, 

and the systems (i), (ii) give 

edp 

edq + m^dx — orfy = 0] 
edp + m^ 

Whence the first integrals are 

eq + m^x — ay =/ (ep + m,y - cx)y 
eq + m^-ay =^ {ep-^-m^y - ex), 

from which all possible second integrals are to be derived in 
the modes above explained. 

Let us take the second of those modes and give to the 
second of the above first integrals the particular form 

ep + m^y — cx^ C, 

G being an arbitrary constant. From this, and from the 
other integral, left in its complete form, we have 

cx-mj/+ G ay- ^ia?+/i {{m^ - ^J y + G] 

whence, substituting in the formula dz^pdx + qdy, inte- 
grating, replacing the arbitrary form 



lfi{i)dthj K-mJ (/>(«), 
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and iDtroducing an arbitrary function of C for the arbitrary- 
constant, we have 

for a complete primitive. The general primitive consists of 
all possible relations obtained by eliminating G between the 
above equation and 

when the forms of ^ and '^ are specified. 



Second Investigation. 

6. If from the equation 

Rr^Ss^-TtJf U{8^-'rt) = F. (20), 

we eliminate r and t by means of the equations 

dp = rdx + sdyy 

dq = sdx + idy^ 
the result will be 

{Rdf-SdxdyJf Tda?- U (dpdx •{■ d^dy)] s 

— Bdpdy-\- Tdqdx-- Udpdq— Vdxdy (21). 

There are different considerations (all of them however in- 
volving, as I have been led to think, a more or less explicit 
reference to some theory of the genesis of the given partial 
differential equation) which indicate that its solution depends 
upon that of the equations obtained by equating to the part 
affected and the part not affected by «, viz. upon the solution 
of the equations 

Bdf -- Sdxdy -ir Tdx^ - U{dpdX'\-dq^dy)^0 (22), 

Rdpdy-\- Tdidx- Udpd^- Vdxdy- (23). 
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Without entering into. these considerations let us inquire 
what consequences may be deduced from these equations 
assumed to be true. 

It is seen that these equations are connected by a remark- 
able reciprocity with the partial differential equations (7). 
They will in fact be converted into these equations if we 
change 

dx, dy, dp, dq, U, F, 8 (24), 

into 

du du du du -rr TT a /rtp\ 

-^•-^' d^' d^' ^' ^'-^ ^^^^ 

respectively. From this formal connexion it follows that if 
we multiply (22) by \ and add to the result (23), we shall be 
able to determine \ so as to permit the resolution of the equa- 
tion thus formed into linear factors. Ultimately we shall, as 
appears from Art. 3, reduce the system (22), (23) to an equi- 
valent system of the form 

{-Rdy-m^dx + Udq) (- m^dy- Tdx + Udp) = 0, 

{- Bdy - m^dx -{■ Udq) {-m^dy- Tdx+ Udp) = 0, 

«i, and m^ being determined by the equation 

or, changing the sign of m, 

(- Rdy + m^dx + Udq) {m^dy - Tdx + Udp) = 
(— Rdy + m^dx + Udq) {mjdy — Tdx + Udp) 

m^ and m^ being as in the former investigation roots of 

m^-8m^-RT^UV=0. 



-^[...(26). 



Equating to the corresponding factors of the first mem- 
bers we have 



— Rdy + m^dx + Udq = 

— Rdy + m^dx + Udq 

m^dy-Tdx-\- Udp = 
m^dy — Tdx + Udp 



= 0J 
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The first of these, m^ and m^ being different, is resolvable 
into 

Udq - Bdy = (^, dx^O; 
the second into 

Udp--Tdx = 0, rfy = 0, 

and it is obvious that neither of these can lead to the given 
partial differential equation (1). The first of them combined 
with the equations 

dp=rdx + sdyf dq = sdx + tdi/ (27), 

leads in fact to the partial differential equation 

B- Ut = (28), 

the second in like manner leads to 

T- Ur^^O (29). 

But equating to the non-^corresponding factors of the first 
members of (26) we have 

— Edy + m^dx + Udq = 
m^dy — Tdx + Udp 

m^dy - Tdx + Udp = 0| 

— Rdy + m^dx + TJdq = Oj 

Now these systems when completed by the equation 
dz = pdx + qdy agree with the systems (i), (ii) deduced in the 
previous investigation. 

It remains to shew that these systems actually lead to the 
given partial differential equation (1) directly. Eliminating 
from either of them, combined with the system (27) the dif- 
ferentials cfcc, dyy dp, dq^ we shall have as the result 

U{Rr-\-8s-vTt'\-U{8^'-rt) - F} = (30), 

which, rejecting the factor ?7, as from (13) we rejected F, is 
the differential equation proposed. 



::}■ 
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Oround of the Reciprocity above noticed. 

7. The reciprocity above noticed is not of a primary cha- 
racter, but is founded upon two prior laws which I shall pro- 
' ceed to demonstrate. 

If from the partial differential equations of the system (7) 
we eliminate Fand substitute the resulting equation in the 
place of the first equation of the system we shall obtain the 
equivalent system 



\aqj aq dp \dpj 



Tr((du\ du /du\ du]^ 
\\dxj dp \dy) dq) "" 

*(l)'-«(£)(|)-^(|)" 

^ )S^)'c^^\d^Jd^]'~ 







-/ 



...(31), 



These equations are both symmetrical and it will be ob- 
served that they are convertible the one into the other by 
changing 

du du du ^^ TT q -tr /no\ 

dq' Tp' ^' Ty' ^' ^\ ^ ^^^^' 



into 



du du du du j^ o rr 
d^' d^' d^' d^' ^' "^' ^ 



(33), 



respectively. This is a law of reciprocity which connects 
solely the differential coefficients of u and the coefficients 
Z7, o, V of the original equation. 

Again «* =0 is by hypothesis a solution of the given partial 
differential equation. Regarding it however simply as an 
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equation which is irtie and the truth of which is consistent 
with that of the equations 

dp^rdx + sdy) ^^^^^ 

dq = sdx + tdy) 

and differentiating it first with respect to a?, secondly with 
respect to y, we have 

du da dz du dp du da 
dx dz dx dp dx dq dx ' 

du , du dz , du dp du da ' 

j 1 -£- -j _A = 

dy dz dy dp dy dq dy ' 

equations to which we may give the form 

(du\ du du 



c 



dx) dp dq 

fdu\ ___ du du 
Kdyj" dp dq* 

Now this system is of the same form as the system (27) 
and will agree with it if we change 

^du ^du du du , . 

""^'"'%' ^' ^ ^^^^\ 

into 

dpy dq, dx, dy (36), 

respectively — a change which does not affect the coefficients 
of the given equation, and which is therefore the expression 
of a law of reciprocity distinct from that last noted. The 
combination of these two laws does however lead to the 
law exemplified in the researches of the previous Article ; 
see (24) and (25). 

The question here arises whether it would not have been 
better to employ from the first the symmetrical forms (31) o* 
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the partial diflferential equations of the first order and second 
degree upon which u depends, than the unsymmetrical forms 
(7). It was indeed from the symmetrical forms that the 
chief results of this paper were originally obtained, but the 
unsymmetrical forms lead to the same end in a simpler way, 
and therefore they have been mjade use of in the present 
memoir. 

It may be proper to notice, in concluding this section, that 
the symmetrical forms in ordinary diflferentials would have 
emerged in place of the unsymmetrical ones of (22) and (23), 
if the quantity s^^rt had been retained instead of s. The 
equations 

dp = rdx + sdy^ dq^^adx + tdy^ 

enable us in fact to reduce the given equation (20) to the 
form 

Rdp" + Sdjpdq + Tdg" - V{dpdx + dqdy) 

= (^'-rO [Rd'!^- Sdxdy^ Tdoi? - U{dpdx + dqdy)]. 

Hence arises the symmetrical system 

Sdp^+Sdpdq + Tdq"^ - V{dpdx + dqdy) = 0, 

Bdy^ - Sdxdy + Tda? - U {dpdx + dqdy) = 0, 

which is connected with the system (31) by the single law of 
reciprocity expressed in (35) and (36), 



Postscript. 

8. At the time when the above investigations engaged my 
attention I was totally unaware that the subject of them had 
been discussed by Ampere {Journal de VEcole Poly technique y 
Tom, XI.) and recently by Professor De Morgan [Cambridge 
Philosophical Transactions^ Vol. IX. Pt. IV.). I feel it there- 
fore incumbent upon me to state why after acquainting my- 
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self with the results of their labours, I offer this paper for 
publication. 

The method of Professor de Morgan so far resembles the 
first method of this paper, and that of Ampere the second, 
that while the former makes the solution of the problem 
depend directly upon that of simultaneous partial differential 
equations of the first order, the latter makes it to depend 
directly upon the solution of simultaneous ordinary differ- 
ential equations of the first order. The formal connexion of 
these methods by the law of reciprocity is, I believe, esta- 
blished for the first time in this paper. The system of partial 
differential equations of the second degree (7) has not, so far 
as I am aware, been given before. 

But a point which I think of deep importance is the follow- 
ing. By connecting, as in this paper, the differential equa- 
tions of the second decree, whether ordinary or partial, by an 
indefinite multiplier which is afterwards determined so as to 
admit of the resolution of the system into its component linear 
elements, we a'ssure ourselves that each step of the solution 
offers a complete sequence to that which has gone before, and 
it only remains then to separate the different elements and 
determine whether they are relevant or irrelevant to the end 
in view. That any such distinction exists has not, so far as 
I am aware, been noticed before. And it seems to me the 
more important that it should be noticed because the solution 
of partial differential equations in cases far more general than 
those above considered seems to depend upon the satisfaction 
of simultaneous differential equations of a degree higher than 
the first. I have in fact by an application of the Calculus of 
Variations arrived at the conclusion that the theory of the 
solution of all partial differential equations of the second 
order, whatever the number of variables may be, is very inti- 
mately connected with the satisfaction of a system of differ- 
ential equations of the type 

F=^ representing the given partial differential equation, x 
and y any two of the independent variables, and 7*, «, t the 
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second differential coefficients of the dependent yariable with 
respect to x and y. 

I may perhaps at some fhtnre daj resume the subject, to- 
gether with an inquiry into the theory of the solution of the 
partial differential equation of this paper, when the conditions 
under which the auxiliary equations (i), (ii) are supposed to 
be integrable are not satisfied. 

9. Note. It may be desirable to establish directly the 
converse form of one of the results of Proposition iv. For 
this object we shall shew that the equation of the envelope of 

«=*(«> y> «> ^ <^) (1), 

where a, J, c are connected by any two conditions of the 
forms 

-^(a, J, c)=0, x(a, ft, c) = 0, 

will satisfy a partial differential equation of the form 

Br+88+Ti+U{^-rt)=V (2), 

in which also 

Differentiating (1) we have 

d(f> Af} da d<f> db d4> dc 

^ dx da dx db dx dc dx 

d<f> d<f> da d(f> db dif> dc 
^ dy da dy db dy dc dy 

and by the nature of an envelope these reduce to 

di^ dS 



dy 



(3). 



Again differentiating these equations with respect to x and 
y, and writing for simplicity 



jd^ 
dadx 

d'<l> 
dady 



= A, 



= ^', 



d*4> 



dbdx 
dbdy 



= ^, 



= 5', 



dcdx * 
dcdy ' 
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we have 

da? dx dx dx^ 

d^d> .da ^db ^dc 
dxdy ay ay ay 

dxdy dx dx dx^ 

t^^ + A'^ + Bf+C'^. 
oy ay ay ay 

■ Hence we find 

= (a^ +Bf-+ CpifA'^ + sf + C'^) 
\ ay dy dyj \ ax dx ax I 

.(A^ + B^+Cp)(A'^+B'f+C'i' 

\ dx dx dxj \ dy dy dy, 

— fATi'-.A'Ti)f——^——\ 
"~ ^ ^ \dy dx dx dy) 

\dy dx dx dyJ 



+ 



^ ^ \dy dx dx dy) ' 



Now since a, J, c are connected by two conditions, so that 
h and c are functions of x and y only as being functions of a, 
we have 

da dh da db _^ db do db dc ^ 

dy dx dx dy" * dy dx cbc dy'^ ^ 

dc da dc_ da ^ 
dy dx dx dy" 
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Thus the above equation reduces to 



or 



df"^ ^ dxdy^^ da? ^^"^ "^^da? df [dxdyJ'"^^^^ 
This equation is of the general form (2). Its coeflScients 

^2 1 

--j-^ , &c. are determinable as fimctions of x, y, z, jp, q when 

the form of the complete primitive (1) is given. For this 
purpose the complete primitive with the two derived equations 
(3) suffice. 

Again, comparing (4) with (2) we have as the conditions 
of their equivalence 

R 8 T V 

d^ dxdy da? do^ dy^ \dxdy) 

conditions which suppose B,^ 8^ jT, CT, V connected bj the 
relation 
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ADDITIONS TO CHAPTER XVII. 



[The present Chapter consists of additions to Chapter xvil. 
Art. 1 was intended to follow Chap. xvii. Art. 1.] 

1. The theory of the solution of linear differential equa- 
tions in a series flows very beautifully from their symbolical 
expression. It is usual in treating this subject to assume the 
form of the series, and deduce from the differential equation 
the law of its coefficients ; but the symbolical form of the dif- 
ferential equation determines in reality the form of the solu- 
tion as well as the law of derivation of its successive terms. 

Let us begin with the binomial equation 

/.(2))«-/,(i))6'*« = 0. 
Operating on both sides with {f^{D)}''\ we have 

«-^(i))e"« = {/.(i>))->0, 



in which ^ (i>) 






Hence {1 - ^ (^) ^]n = [f, (i>)}"'0. 

Now {^(Z>)]~'0 will be determined by the solution of a 
linear differential equation with constant coefficients, and will 
be necessarily of the form 

-4P+jBC+CB+..., 

in which A^ By C> ... are arbitrary constants, and P, Q^S^..^ 
are functions of the independent variable. 
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We have then 

therefore t^ = {I - ^ (i)) e'^ (AP+JBQ + CB+ ...). 
Now let us represent <^ (i>) e*"^ by p ; then 

u = (1 -/))-' {^P+SQ + GB+„.) 
= {l + p + p^ + p'+ ...) {AP+BQ+ 02+ ...) 
r=A{l + p + p^ + p' + ,..)P 
+ B(l+p + p' + p'+.„)Q 

+ C{l + p + p''-\-p^ + ...)Ii 
+ ... 

Kepresent the first line of the above expression by w,, 
then since 

p"» = <^ {V) ^^(f>{D) €'^.,.m times 

= e^^'^^iP ^ mr) ^{D -^-mr -r) ^(i> + 7-), 

we have 

u^=A{P+€'^^{D + r)P+^^<f>{D + 2r)^[D + r)P 

-\-^'^<f>{D + 3r) ^(i> + 2r) ^(i> + r) P+ ...}, 

in which it only remains to perform the operations indicated 
by (l>(I) + r), by <f){D + 2r)^{D + r), ... on the function P. 

Let us in the first place suppose the symbolic function 
/, (i>) to be of the form (D-a) (D-b) .,.; then ' 

Here P= e"^. Hence substituting in the above expression 
for u, and observing that/(i>) €^=f{n) €***, we find 

u,^A^^{l + <f>{a + r)e''^'h^{a+2r)(l>{a + r)^^ +...}, 
or, since €^ = 0/, 

* ■ • 

w^ = Ax"" {1 + ^(a + r) a;''+ <f){a + 2r) ^{a + r) a^+ ...} ; 
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and 
u^Ax"" {I + (l>{a + r) x'' + <f>{a + 2r) <f>{a + r) x^+ ...} 
+ jR»' {1 + (f>{b + r)x''+^{b + 2r) ^{b + r)a?'+ ...] 

the solution sought. 
Consider now the general equation 

Here we have, representing •''J^y^ by ^«,(i?), 

{I + 4>,iD) 6» + .... + <^.(i)) 6»»}« = {/.(i>)}-'0; 
therefore 

tt= {1 + <i>,iD) 6»+ <f>„{D) e^r {/«(^)r 0. 

Here we have first to determine {/o(^)}"^0, then to deter- 
mine the effect of the operation represented by 

{i+^,(2))€»+ ^„(i))6^r 

upon this. 

Now {fo{J))}''^0 is given by the solution of a linear diffe- 
rential equation with constant coefficients, and will therefore 
be of the form 

AP+BQ + CB+..., 

Ay B, (7, ... being arbitrary constants, and P, Q, B,.., func- 
tions of 0. 

Again, since 

{i+cf>,{D)^+ +<f>n{^)^r 

^ 1 

l+<^,(i))e* + + <I>,{D)^^' 

it may be shewn by a process of actual symbolical division, 

B.D.E. II. 12 
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attending to the laws of combination of symbols, that the 
expression may be expanded in the form 

To determine the functions F^{p), F^iD), we may 

proceed as follows. From the equation 

{i+^.(i>)6»+ +^n{.m^r 

we have 
l={l+^,(i>)€»+...+^.(i))6«»}{i^.(i>)+j;(Z))e»+i?;(2>)e^+...} 

^F^{D) + {F,{U) + ^,{D)F,{D-l))^+ (1). 

Hence F^{B) = l, 

F,{D) + 4>,{D)F,{D-1)^0; 
therefore F, (D) =-<f>,{I))F,{D-l), 

and so on. Hence F. {D) , F^{D), are determined in suc- 
cession. The general law is as follows: the coefficient of 
e*"* in the second member of (1), when m is greater than 1, is 

F^{D) + <l>,iD)F^,{D - l) + <l>,iD)F^iD - 2) + ... (2), 

whence 
F^{D)=-<l>,{D)F^,iD-l)-<l>,{D)F^{D-2)~.... 

By this formula the successive values of F^{D) can be 
deduced from those of F^^ {D) , F^^ {i>) , . . . . 

Combining the above results we obtain thus for u the ex- 
pression 

ti^{l + F,{D)^ + F,{D)e^+....}{AP+JSQ + ..,} 

^A{P-]-F,{D)^P+F^{D)e^P+....} 

+ B{Q + F,{D)^Q + F,{D)e^Q + ....} 

Let us in applying this expression first suppose that the 
factors of /o(-D) are real and unequal, so that ^(-D) is of the 
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form (D — a) (-D — J) (i) — c).... FuAher, let us suppose that 
no two of the quantities a, J, c, .... differ by an integer. 

Then {f^{D)}'^O^A^ + JS^^+...., 

whence we may assume 

Thus the expression for u becomes 

"t" •• .. J 
or, since F{D)^*=:F (m) ^, 

u ==A{^+ F^{a + 1) 6<"*"» + 2?;(a + 2) €<•*"•+ ....} 
+ B{^+ F,{h + 1) 6<"''»+i?;(J + 2) 6<»«|»+ ....} 

Hence, replacing e* by a;, 

u^ Aix"" + F^{a + 1) x'^' + F^{a+ 2) af^ + ....] 

•]^B{s^-hF,{h + l)a?'' + F,{h+2)af^+....} 

*i" .... 

In (2) replace in like manner D by a + i and we have, 
putting i for m, 

Fi{a+t) + <f>,{a + t)Fi^,{a + i-l) 

+ ^2(« + *)^i-2(« + *-2)-h = 0, 

or, iS Fi{a + t)'be represented by Ua^y 

Put m for a + i, thus 

This agrees with the law established in [there is no refer- 
ence in the manuscript, but the law intended appears to be 
that given in Chap. xvil. Art. 9.] 

12—2 
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Secondly, suppose that r of the factors of ^ (D) are eq[ual 
and of the form D — a. 

Then l^(-D)}"*0 contains a term of the form 

€^(c,+c,^+c,fl»+ +c,.,r-^). 

Hence the corresponding portion of u is of the form 

|l + i^,(i))€* + i^,(i))e»^+....|€^(c, + c,^+ + c,.,^^) 

= L^+ e<*+^J^i?;(i? + a + 1) + €<-^^^i^,(i) + a + 2)+... I v.. .(3) 

where t? stands for c^ + c^^ + c^SP +.... + c^.^ff'^. 
Now jF;(i) + a + i)t; 

= ii?;(a + l) + i^/(a + l)i) + i^/'(a + l)^^+....U, 

which on performing the differentiations becomes a polyno- 
mial of the form 

We see thus that (3) will assume the form of a series of terms 
€*^, e^''"^*^^ .... each multiplied by a polynomial of the (r — 1)*** 
degree in 0. Or arranging the terms otherwise it will con- 
sist of a series of terms of the form 

B, + B,e+ +5..,^-^, 

in which B^, B^, B^_^ are series involving e"^, e^**^^)*, 

€^"^^ Or lastly, changing e* to x, the portion of u in 

question is of the form 

B, + B,{losx) + +B^_, (}ogxr\ 

j5q, -Bj, .... J5_j being polynomials in each of which the lowest 
power of X is a;", and the successive powers increase by unity. 

This establishes the assumption in [there is no reference 
in the manuscript; probably Chap. xvil. Art. 10 is to be 
supplied.] 
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Thirdly, let /, (2>) contain r factors D — a^^ D — a^^.^.D-^a^ 
in which a^, a^, ...a^ differ from each other by integers, toge- 
ther with other factors. 

The portion of u corresponding to the factor D-^a^ will be 
in which 



F^ {D) €«^ = - |<^, (2>) ^F^^ {D) €(--)* 



Thus F^ {D) €^^ consists of terms of the form 

<l>,{JD)e^'F^,{D)e^^^ 

i being one of the numbers 1, 2, .... n. Hence i^(2>)€^'*"^* 
will consist of terms of the form 

j being one of the numbers 1, 2, ... n. Continuing this until 
« +y + A;+ ... = m, we see that F^ifi) c*^ will ultimately con- 
sist of terms of the form 

{,j, h,... receiving arbitrarily any of the values 1, 2, ... n, 
and i-{-j+k+ ... being equal to m. 

Thus the portion of u derived from A^ will consist of 
all possible terms of the form 

A^D) €«^,(2>) e*^(i)) e*» .... (e"^ 

= Aif>^{D)if>jiD-i)il>,{D-i-J) .... 6<"*».^» 

Af,iD)fjiD-{)MD-i-J)... 
f.(.I>)fAD-i)UD-i-j).J • 
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Let * = a, **4-y = )S, t+y + A4- excluding the last 

term = fi ; and let the symbolical numerator which involves 
only direct functions be represented \ijf{D)^ and we have 

i^im ,(«*•.). 

/.(^)/.(^-«)/.(^-/S)...../,(i)-/*)' ' 

in which a, /3j .... fi,m are integers ascending by differences 
not exceeding n. 

[A few lines of the manuscript here are obscure, and I 
venture to express in other words the idea which seems to be 
involved. 

Let D — a, denote one factor of /^(i)), then the correspond- 
ing factors in the denominator of 

Af{D) 6<"^^^ . 

are {D — a,) (i)— a,— a) {D-^a^ — fi) (5). 

Now if a, is not greater than a,, then a, + fi is less than 
af+m; hence no factor in the expression (5) can be identical 
with D — m — a^. But if a, is greater than a<, then one fac- 
tor in the expression (5) may be identical with D — m — a^. 

Hence it follows that the denominator of the expression (4) 
may contain D — w — a^ to the power r — 1, but not to a 
higher power.] 

And, since 

we see that u will contain r sets of terms together of the form 

^+jB(logaj) + C(loga:)'+ + ^ (log a:)'-^ 

Ay By (7.... being polynomials in x. 

This establishes the rule in [there is no reference in the 
manuscript; probably Chap. xvii. Art. 10 is to be supplied.J 
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[There is no hint in the manuscript as to the position 
wmch Article 2 was intended to occupy ; and the reasoning 
does not seem fully developed.] 

2. Prop. The solution of the equation 
being expressed in the form 

{1 +i?;(i)) €»+ i?;(2)) e-+ ....+} {/,(i))ro, 

it is not necessary to introduce new constants in interpreting 
^(Z)), .... ; it suffices to interpret particularly if only uni- 
formly and consistently. 

For let 

{/o(^)ro = ^P + 5(2+ ; 

and in interpreting 

F,{D)^{AP+BQ+ ) 

let a new constant be introduced which was not in the inter- 
pretation of 

F^^{D) €(-'>» (^P+ BQ-\- ). 

Now F„{D) ej + 4>, (D) e'F^, {D) €<•»-'>• 

+ ^,{D) ^F^{D) €(-•'• + = 0, 

therefore 

F^ (D) e"- = - ^. {D) ^F^, {D) €<-')• - . . .. 

=-{/.(^)r*{/.(^)^^-.(^)^"-"'+-}. 

hence the new constant comes from {^(-D)}"*0, and the term 
containing it must be -4'P, or jB'Q, ...., where A\ jB*.... are 
constants. Suppose it -4 'P; 

then as derived from this, 

F^, {D) 6<»^')» {/. {D) }- = - <!>, {D) t'A'P, 

-<I>,{D)^F„(P)^A'R 
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Thus J?^^„ (2>)6<"'^ = - <^i {D) ^F^_, 6(»^')» 



The law of derivation is exactly the same as in the deri- 
vation of F^ {D) €^ from i^, {D) e^*-^)^ ' 

[Art. 3 seems intended for a reconstruction on an extended 
scale of part of Chapter xvii. Art. 3.] 

3. We proceed to consider more fully the theory of the 
binomial equation 

Now the possibility of solving the equation depends upon 
the nature of the symbolic function <f>{D). It is perhaps the 
most general account of the present state of the theory to say 
that there exist certain primary forms of this function which 
render the equation solvable, and that to each of these pri- 
mary forms an infinite number of the forms are reducible by 
general theorems of transformation. As these theorems 
admit of a statement which is independent of the form of the 
function ^(-D), we shall establish them first. 

Peop. II. The function <f> {D) in the equation 

can without otherwise changing the first member of that equa- 
tion be 1st affected with any constant factory or 2ndly con- 
verted into ^{D + a)f or Srdly converted into {<f) (— i^)}~^ 

First, Let U=f{^, and in the equation 

u + ^{D)e''^u=f{^), 

1 d d 

let €^ = a''€^. Then j^ = ^/ > and the equation becomes 
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in which i) = ^ . Thus ^(i)) has been affected by a con- 
stant factor a. 

Secondly. In the same system let w = e^ v. Then 

or 6«^t? + e^'^^ {p + a) e'^t; =/(6^), 

therefore t? + ^(i> + a) e'^v = €"^/(€^. 

Here ^(2>) has been changed into ^{D-\-a). 

The result of this transformation may be conveniently ex- 
pressed by the following theorem. 

The equation 
will be converted into 

by the relations 

Thirdly. In the same equation let ^ = — ^' ; , then 

dd'^ dff' 
and we have 

in which ^ "" ^ • Hence 

w + €-'^'^{-(i)-r)}ti=/(6-^); 
therefore e^u -^^ ^(r — JD)u=^ c^'/Ce""^, 

whence u + {(f>{r^D)}-'e^u = {(l>{r^D)}-'e^f(e'^'). ' 
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In this equation let u = €*^i?. Tlfen by the last theorem, 

Thus 

is converted into 

V + {<!>{- D)r^v = {<}> (- D)rf{e-^, 

in which D^-^ ^ hy assuming 

The above transformations leave the index r in the first 

0' 
member unchanged. If however we assume ^ = — , whence 

'iQ — ^'jff > we should have 

f(f ft 

By combinine this with the previous results we see 
that it is possible to convert (bUD) into 6(aD + b)j and into 
{<f>{aD + b)y\ 

But the most important transformation of the function <}> (2)) 
is that which is establishei in the following proposition. 

[The proposition referred to is Prop. ill. of Chap. xvii. 
Art. 3.] 

[Article 4 was intended to follow the words " or subse- 
quently in the derivation of w" in Chap. xvii. Art. 4.] 

4. It becomes therefore important to establish rules for 
the treatment of the constants which in these different ways 
arise. 
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Now the entire process 6f solution consists of three stages, 
namely : 

1st, the determination of V by the equation 

2ndly, the solution of the transformed equation 
Srdly, the determination of u by the relation 

Let ns consider these separately, supposing (f> (D) to con- 

Ti Jim n 

tain a single factor y: — ^ which is made to disappear in the 

generation of '^(-D), so that a and h differ by a multiple of r. 
Thus the given equation is of the form 

u-^f{D)^u=^U (6). 

The transformed equation is of the form 

in which u=Pr^~^V, V^Pr-^-^^U. 

First, suppose a — b = nr, where n is positive. 
Thus 

u = {D + a) {D-\-a-r) ... {D + a-nr+r)v, 

V=\{D+a){D + a-r)...{D + a-nr + r)Y U. 
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Hence ♦ 

t*= {D-^-^a) ... (D + a'-nr + r) {l-i/r {D)€ ^PV 

^{D + a) ... {D + a-^nr + r){l --ylriD) €^}-'{u^+ C,r^ 

+ c;€-(-^)^+ + a.€-(--^'^l....(7), 

where E^ is a particular value of 

|(i)+a)....(i> + a-7ir + r)| U. 

The part containing the constants will consist of terms of 
the form 

= {D + a) {D + a-r) ... {D + a'-nr + r) {l+^lr{D) e"^ 

=r C{D + a) {D + a-r) ... {D + a-nr + r) je' 

+ yjr {D) €-("-^)* + -^ (i?)-^ (2> - r) e'^''''-^'^^ +...}. 

Now all these terms vanish up to the one containing 
g-{a-nr)» . thercforc we have to perform the operation 

C{D + a) (D + a-r) ... {D + a-nr + r) on 

+ i/r(i))^(i>-r)...i/r(i>-j'r-r)€"^'^'^>^ + ....|, 

where j = w — i — 1 ; that is, we have to perform the operation 

(7(i> + a)(i) + a~r)... {D + a-nr + r) on 



,-(aHr)<^ 



+ ^ (i?) *• f (i)) . . . -f (i) -» e-f-"*-)* + . . ..|. ■ 



€» 
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Now '^{D)'>ir{D-r)..f'^[D-jr)e'^'^^ 

:='^{nr — a) ylrinr-^r'- a) ...yjrinr—jr — a) e'^*^^^^ 

therefore we obtain 

BC{D + a)...{D + a'-nr + r)L-<'^'^^ + f{D)^€-<'^''^+...\ 

= BC{D+a)...{D + a-nr + r)\l+^lr{D) 

+ ^(i))€^f(i)) €* + ... J€-<^^>^. 

Thus this expression is the same in form for all values of 
t. Therefore all the terms containing an arbitrary constant 
in (7) are equivalent to only one term. 

Secondly, suppose a-'b=^'''nr. 

Then w = j(i)+ J) (i> + i-r)...(i> + S-nr + r) • v, 

V={D + b){D + h'-r)... {D + h-nr + r) U. 

Here there are no constants in F. But u contains n arbitrary 
constants not in v, and as there is no subsequent process in 
the method for destroying these or reducing them to mutual 
dependence, it is necessary that the relations connecting them 
should be sought by comparing the solution with that given 
by the method of development in series. 

Note. It would be better to reduce (6) to the form 

before the demonstration* 

[Article 5 was intended to follow Chap. xvii. Art. 7. 

There is a memoir by Professor Boole on the subject of this 
Article, entitled On the Differential Equations which deter- 
mine the form of the Roots of Algebraic Equations. The 
memoir occupies pages 733 — 755 of the Philosophical Trans- 
actions for 1864.] 
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5. If we agree to regard as primary those forms of bino- 
mial equations which are integrable but not through any 
reduction effected by the Propositions of Art. 3, and to which 
equations through the application of those propositions other 
equations are reducible and so made integrable, it becomes 
very important to enquire what these primary integrable 
forms are. It does not appear at present possible to give a 
general answer to this question, but so far as is known, such 
forms if belonging to differential equations of a degree higher 
than the first stand in a remarkable connexion with the 
theory of algebraical equations. By the study of this theory 
Mr Harley was led to the conclusion that y defined as an 
implicit function of x by the algebraical equation 

y*-ny + (n-l)aj = (8), 

n being greater than 2, satisfies the binomial differential 
equation 

in which e* = x. In this expression the factors of the nume- 
rator are equidifferent, as of the denominator, their common 

w — 1 
difference being , but the equation is not resolvable by 

Propositions II. and ill. into forms, the integrability which 
had before been recognised. 

The above result first reached by induction was confirmed 
by Mr Cayley by the aid of Lagrange's theorem. 

To the form (8) all algebraic equations of the third, fourth, 
and fifth degrees are known to be reducible. 

Mr Harley has subsequently found that y considered as a 
function of x defined implicitly by the equation 

!r-nf^+ (n-l)aj = 
satisfies the symbolical differential equation 

w--^ [{n - 1) Df'^y - (71 - 1) (ni) - n - 1) [nD - 2Y^^y 
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the factorial notation according to which 

[m]* = 7n(w — 1) (w — 2) ... (w — n + 1) 
being here adopted. 

These results are implicitly involved in a more general 
theorem which I shall now demonstrate. 

Theorem. If yi^y^ y» ^^^ ^^^ ^ ^^<^^ ^f ^^^ algebraic 

equation 

y*-a/"' + l = 0, 

and if the m^ power of any one of these roots he represented 
hy u, and log a by 6, then u as a function of 6 satisfies the dif- 
ferential equation 



w — 



\ n n \n n J 

— [ZJf 



-e"^w = 0. 



And the complete integral of the above differential equation 
will be 

u^cj/^^c^r +c;yn" 

Let y^ = z^ then the given equation may be expressed in 
the form 

in which J = — 1. Hence, by Lagrange's theorem, 

m m n—l D m 



dh 



+ 



i^l{u-)'l»V*- 



the general term being 



rt^arp)!*^}. 
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whicb on effecting the differentiations and adopting the fac- 
torial notation becomes 



m 



*m + (n — 1) r 



n 



-1 



«1^ 



r-I m-r 



■*— a 



and this expression will he found to represent the first term 
as well as the others of Lagrange's expansion provided that 
we interpret the form 

M° b7 1. and [>]-" by j^ . 

Further, the above general development includes the n 

particular developments of u or y* arising from the giving 

to 5" its n particular algebraic values. In this way it repre- 
the m^ power of each of the n roots y^, y,, y» ii 



sents 
succession. 



in 



Now representing the above general term by w^, we shall 
have 



m 



w^ = 



m-\-{n — l)r 



n 






m 



^r_n — 



n[r]- 
w + (n — 1) r 



n 



— n 



n 



[r-n]*^ 



r-n— 1 wi— r 



A" 



+1 



Therefore, after reduction and replacing 6 by — 1, 






"w + (w — 1) r 



71 



-'fg-"-) 



W" 



(9). 



It follows therefore that the complete series of which the 
general term is w^ will if represented by u satisfy the diffe- 
rential equation 
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w — 



""-l2) + ^-l 



n n 



[i>ji> " ^ "'u = 0...(I). 



If we integrate the equation in a series (Chap. XYII. Art. 9), 
the initial terms of the value of u will be 

C'^'Ca+C^a^ + a._,a'»-\ 

the succeedinff terms being formed from these by the law 

(9). Hence, if the arbitrary constants C^G^ C^n-i be so 

determined as to make the above initial terms agree with 
the first n terms of the Lagrangean expansion in any of its 
particular forms, the succeeding terms will also agree, and 
the Lagrangean expansion will thus become a particular inte- 
gral of the equation (I). The aggregate of such particular 
integrals, each affected by an arbitrary constant, will therefore 
also be an integral of the differential equation, and will, in 
fact, constitute its general integral, subject to exception only 
in the case in which for a particular value of m the integrals 
VT^ y^i y**" cease to be independent. 

For instance, if w = — 1, and we reduce the equation to 
the form 

it is seen that except when n = 2, we have 

yr'+yi" +yn"' = o. 

Here then the solution 

«*= ^;yr+ (^j/r + oj/:' (lo) 

ceases to be general for it becomes 

«=(c,-a.)yr'+(c.-a.)yr*-+(CL.-c.)r'«.„ 

and virtually involves but w — 1 arbitrary constants. 
If, however, we give to the integral the form 

B.D.E. 11. 13 
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the last term of which becomes a vanishing fraction when 
m = — 1, we find for the general value of u in this case 

and in this way we may proceed in failing cases generally. 

Lastly, it may be observed that in certain cases the diflferen- 
tial equation (I) admits of reduction to an order lower by 
unity than its own. And in particular this happens in the 
failing cases above noticed. Thus, if in (I) we make tw = — 1 
the equation will be expressible in the form 

D(D-l)...(i)-w + l)M 

-- D 1 (i)-n + l)€'»^M = 0, 

n\_ n n J ^ ' ' 

whence, operating on both members with (i> — n + 1)"^, we 
have 






{nr-^)B 



The general integral of this equation will be expressed by 
(10) provided that a proper relation be established between C 

and the constants G^, C^, (7«. If we choose to determine 

C so as to give to the integral the particular form y"\ we shall 
find on substituting for u its Lagrangean development making 
m = --l, J = — 1, and calculating the coefficient of a*^^ or 
^n-i)9 jjj ^jj^ £j,gt member of the differential, 



^^[n-3] 



n-2 

n 



Hence, if n be greater than 2, we have (7=0. It follows 
therefore that if n be greater than 2, the equation 






!L_ii>.l_i e"«^ = o (II), 
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in which e^ =a has for its general integral 

y^, y^, y^j being any w — 1 roots of the equation 

It may "be nsefal to notice the forms which the above 
results assume when is changed into — ^, and therefore D 
into — -D ; see Art. 3. . 

It will be found that (I) becomes 

W-7= Z ^^^jif-yy— — .^t*==0 (Ill), 



L w n^ \n nj 



of which the integral is therefore 

y^yy^i y« being the roots of the equation 



a 
and log a being denoted by d\ 

while as the equivalent of (II) we have 



y"-l -1 + 1 = (11); 



tt — n 



n-1 



D + t 



nr-l 



€^W = (IV), 



n n 

of which, supposing n greater than 2, the integral is 

y^^y^j y,^i being any n — 1 roots of the same algebraic 

equation. 

13—2 
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Mr Harley's results may readily be deduced from the 
above. Thus it will be found that the equation (11) re- 
duces to 

r - n« + (n— 1) a? = 
if we make 



n 



-1 , -.x-; -s. (n-l)" a; 



Hence, making a? = e^ and representing -^, by D\ we have 
for the transformation of (IV) 



n — 1 



1 -ft 

W = (W - 1) " € •» U 

Substituting and multiplying the result by e", we find 

' n jy 2«-l 1"-' 



< 



which is Mr Harley's first equation. 



If in (I) and (III) we make 1 = a, whence m^n — wa, 

and at the same time change a into ah ", and y into yh **, we 
«hall obtain the following somewhat more general statement 
of their united import. 
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The differential equations 



1 



n 



b m 






, t-P-iT ^ rt 



p?^^H^^ 



are both satisfied hy the general integral 

«7ie;} y^, y„ .... y^ are ^^6 roote of the algebraic equation 

y^'-ay^fb^O, 

provided that for the first equation a = €^, and for the second 
a = €"*. 

! If n = 2, the above equations assume the fonns 

"-& 2>{i?-i) — ^ "=<^' 
f-(«-ir 

6. [The two principal papers by Mr Harley on the dif- 
ferential equations exhibitea on page 190 are the following : 

(1) On the Theory of the Transcendental Solution of 
Algebraic Equations, Quarterly Journal of Mathematics^ 
Vol. V. pages 337... 360. 

(2) On a certain class of Linear' Differential Equations. 
Manchester Memoirs^ Third Series^ Vol. Ii. pages 232... 245. 
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In a letter bearing date January 13, 1864, Professor Boole 
pointed out to Mr Harley that his second equation might also 
be deduced from the general theorem discussed in Art. 5. 
Employing the above notation the deduction may be pre- 
sented in tlie following form. 

The equation (11) will reduce to 

r--wt"-^-f (n-l)a?-0, • 
if we make 

y = (71 - lyK'h, « = ^ (« - ^M; 

and for the transformation of (III) we have 

1 -' ^ 

lis fn ^ 

t*=(»-l)"«€'*'^t*'. 

These substitutions being effected we arrive, after some 
slight reductions, at the following equation, 

n* [(n- 1) I/- w]**'!/!*'- (n- 1) [»i)' -m- l]*€«'u'= 0, 

which, making w = 1 and w' = *, gives 

rir\{p,-^ 1) i?'-l]*-'i?'e- (n-1) [wi>'-2]V« = 0, 

an equation which admits of reduction. In fact, operating oa 
both members with {JOf — 1)"^, and determining the constant, 
as in the former case, by the aid of the Lagrangean expansion, 
we find ' 

tT^ [(n - 1) VY^i' ^(niy^n-1) [nD' - 2]-^€«^« = [w - 1]-^€^ 

which is Mr Harley's second equation. 

The references and deduction here given were to have 
been added to the memoir which is cited in page 189, ac- 
cording to Professor Boole's desire; but by some accident 
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they were not printed, and the omission was not discovered 
until after his death. 

Mr Harley has lately succeeded in obtaining the fol- 
lowing extension of Professor Boole's theorem. 

The differential equation 



n 
U 



\_naxn^[n(ixnj 
is satisfied by the m^^ power of any root of the equation 

y* — ajy*"'" + a = 0, 
u being considered as a function of a?. 

From this he deduces the following ; the differential equa- 
tion 

^ I r ^ dx r\ \^dx\ ^ 

is satisfied by the m^ power of any root of the equation 

2^*-n^""'"+ (w- 1) a; = 0. 

For the materials of this Article I am indebted to Mr 
Harley.] 
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CHAPTER XXXI. 



THE JACOBIAN THEORY OP THE LAST MULTIPLIER, 



1. A SYSTEM of n differential equations of the first order 
and degree containing w + 1 variables admits of n integrals 
of the form 

Wj, Wj, ,*.u^ being independent functions of the original vari- 
ables. When n — 1 of these integrals have been found they 
enable us to eliminate n — 1 variables, with their differentials, 
from the given system of equations, and so to obtain a single 
final differential equation of the first order between the two 
remaining variables. The final equation admits of being 
made integrable by a factor, and its solution so found would 
constitute the n^ and last integral of the system. We pro- 
pose in this Chapter to develope the theory of the above 
integrating factor as established by Jacobi. The term * prin- 
ciple of the last multiplier,' which is more usually employed, 
seems objectionable; for the essence of Jacobi's discovery 
consisted not in demonstrating the existence or the nature of 
the last integrating factor, but in the peculiar form of the 
method which he gave for its determination, and in the rela- 
tions which are implied in that form. The discovery may be 
briefly said to consist in this; viz, that instead of forming by 
means of the w — 1 known integrals the final differential 
equation between two variables and applying methods analo- 
gous to those of Chap, v., to determine its integrating factor, 
we construct antecedently to all integration a linear partiftl dif- 
ferential equation of the first order, any one integral of which 
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will enable us to assign an integrating factor of the final difier- 
ential equation, whatever the order of the previous integrations 
may have been. Again, this partial difierential equation de- 
pending for its construction only upon the form of the system 
given, we can often by examining it aflSrm beforehand that if 
all the integrals but one of the system be in any way found, 
the final integral will be deducible by quadratures. This 
happens in the case of the most important of all systems of 
differential equations — that of Dynamics. 

Further, an ordinary differential equation of the n^ order 
being reducible to a system of n differential equations of the 
first order, Jacobi's theory may here also enable us to pre- 
dicate the possibility of the last integration when the previous 
integrations have been effected. 

Beginning with a single differential equation of the first 
order reduced to the form 

dx ^dy 

in which X and Y are functions of the two variables x and y, 
we know by Chap. v. that the integrating factor fi will be 
given by the solution of the partial differential equation 

^^^'-« ('). 

the form of which should be carefully noticed. 

Consider next a system of two differential equations of the 
first order expressed in the general form 

dx ^dy ^ dz , . 

'X'"Y'"Z ^^^' 

X, F, and Z being functions of the three variables a?, y, z, and 
suppose one integral, represented by 

^{xyy,z)^c (3), 

to be known. The function ^ (^r, y, z)y or, as we 9hall express 
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it for brevity,*^, will obviously satisfy the partial differential 
equation 

of which indeed the given equations form the Lagrangean 
auxiliary system ; see Chap. xiv. 

If from the given integral we determine z sb sl function of 
X, y and c, and substitute its value in the first of the given 
differential equations, viz. 

dx ^dy 

the latter will be converted into a differential equation be- 
tween X and y. But we may leave to the equation its prior 
form, provided that we regard X and Y as functions of the 
variables x and y, both explicitly as they appear therein, and 
implicitly as they are involved in z. And tnis being so, the 
equation (1) will become 

djfiX) d ifiX) dz djfjuY) d(jiY)dz^ 
dx dz dx dy dz dy 

The values of -^ and ^- in this equation must be found 

dx ay ^ 

from the known integral (3) ; they are 

dz ^^ . d^ dz d^ d(f> 
dx dx ' dz^ dy dy ' dz^ 

substituting which we have 

d{iiX) d^ d(jjiX)d(}> d{tiY) d<i> d{fjiY)d(f>_^ ,^. 
dx dz dz dx dy dz dz dy " 

This then is the partial differential equation for determin- 
ing fjb. But the construction of this equation supposes <^ to 
be known. We propose to shew that fi can be determined by 
a process in which the only partial differential equation to be 
solved can be constructed without the knowledge of <f>^ 
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Since by actual differentiation 

A,( A ^\ ^A.( A ^^\ _ ^^ d^ ^ dA d<f> 
dx\ dzj dz\ dxj^dxdz dz dx^ 

it follows, writing fiX for -4, that 

d (fiX) d<f) d ifJuX) d^ _ d / x^^^ — ( X^\ 
dx dz dz dx^ dx^ dzJ dz\ dxj* 

Similarly 

dy dz. 2a dy dy \ dz) dz V dy] ' 
Lastly, we have 

Now adding the last three equations together we see that 
the first member of llie result vanishes by (p),: we have thus 

The second line of the first member is equal to 
and therefore vanishes by (4). There remains then 



dx 
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Hence if we put 



"t-"' 



we have 



d{MX) djMY) d{MZ)_^ ,g, 

dx dy dz 



If then hy the solution of this equation a value of M dis^ 
tinctfrom he founds the function ^rr will he ah integrating 

dz 
factor of that final differential equation which remains when z 
has been eliminated from the system (2) hy means of any 
known integral ^ = c. 

It will be observed that the equation for M is analogous in 
form to the equation for fi in the previous system. And this 
suggests the tbrm of the general theorem. 

Thus proceeding to the case of a system of three equations 

dx ^dy ^dz ^dt . 

we see that if 

'^ix,y,z,t)^c 

be a known integral, -^ therefore satisfying the equation 

^s-^f^^f+^f=» (". 

then the system 

dx ^dy ^dz 

will virtually involve only the yariables a;, y^ «, since t 
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through the known integral becomes a function of a?, y, z. The 
equation (6) now becomes 

d(MX) d(MX) dt . d{MY) , d{MY) dt 
dx dt dx dy dt dy 



d{MZ) d{MZ) dt^^ 
dz dt dz ' 



or putting 



dt ^ d^lt dyfr 
dx dx ' dt '"* 



d{MX) dyjr d{MX) df , d{MY) dyjr d(MY) dylr 
dx dt dt dx dy dt dt dy 

d{MY) dyjt djMY) dylt^^ 
dz dt dt dz ' 

and this is equivalent to 
,{MX% XmY^ X^% ,{MT^) 

dx dy dz dt 

and therefore becomes on rejecting the term in the second 
line by (7), and putting 
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If from this equation a value of N distinct from be ob- 

N 
tamed, then M=^'7t, and therefore 

'dt 

N 



d'^ d(f> 
dt dz 



This is the final multiplier, i. e. the integrating factor of 
the final difierential equation between x and y which remains 
when z and t have been eliminated from the given system by 
means of the two known integrals. In calculating p, from 
the above formula we must proceed as follows. The value of 

-^ must be found from any given integral -i/r = c ; but that of 

j^ must be found from another integral from which by means 
dz 

of the former one t has been eliminated. Thus the general 

forms of the integrals will be 

f {x, y, z, t) = c, 
4> {^7 y , «5 c) = c'. 

Lastly, the values of -^ , -? found as above, and that of 

N given by any solution (distinct from 0) of the partial dif- 
ferential equation (8) having been substituted in the expres- 
sion for fjUy we must eliminate z and t from that expression by 
means of the two known integrals. The resulting function 
of a;, y, c and c' will be the integrating factor sought. 

The reasoning above employed is in its nature quite inde- 
pendent of the number of the equations of the original sys- 
tem. The general theorem to which it leads may be thus 
stated. 

Theorem. The system of n difierential equations 



ART. 2.] OF THE LAST MULTIPLIER. 207 

being given, if a system of w — 1 integrals 

be so reduced by elimination that the variable y^ shall not 
appear in ^g, the variables y^, y^ shall not appear in ^g, and 
so on, then the integrating factor ii of that final differential 
equation between x and y^ will be given by the formula 

M 



d^^ d(f>^ d4>„_^ * 



in which M represents any integral distinct from of the par- 
tial differential equation 

d{MX) d{MY,) ,d{MY„)-_ 
dx dy^ dy^ 

In applying this theorem the expression for fi must be 
freed from all the variables except x and y^ by means of the 
given integrals. 

This is Jacobi's theorem. On account of its great importance 
I propose to give another demonstration of it founded upon 
the Calculus of Variations. 

2. Second demonstration founded upon the Calculus of 
Variations, 

It will be most convenient to present the proposed system 
of differential equations under the symmetrical form 

dx^ _ ^^2 _ __ ^n 



the independent variables being a?j, aja, x^ of which 

Xj, Xj, .... X« are any functions. We have thus w — 1 diffe- 
rential equations, and we are to seek the integrating factor of 
the differential equation which remains when by means of 
n — 2 known integrals w — 2 of the variables with their diffe- 
rentials have been eliminated. 
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Suppose P= c to be any integral of the system, then P 
satisfies, and it suffices that it satisfies, the partial differential 
equation 



^ dx. *dxi"" *d^n 



(a). 



Now if in place of ir^, ccj, ....a;^ we introduce a new sys- 
tem of independent variables w^, u^, ....u^ which are functions 
of the former, then we shall have 

-A« -i — -r -^a "1 — . . . . -r -^« 



dx. 



dXi 



dx. 



* du. dUi au^ 



U ^ U^y .».'Un being functions of Wj, Wg, .... w„. And by the 
theory of the transformation of multiple integrals, 



du^ 



du. 



where 



5= 



dx,'"" 


'" dXn 


du^ 
dx^ '•••' 


du^ 
dx^ 



The foregoing equation we may express in the form 
% j Xi —T— dXj dx^ ... c?a?^=2 / -fr ;t-~ ^^i ^^j •••• ^Wn« 



Hence, representing by S an operation of differentiation 
which affects only the form of P as a function of aj^, a?,, • . . a-^ 
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or of Wj, Wj, ....Wn> aJid iiot the independent yariables them- 
selves, we have 

S I Xi --j — dx^ dx^ .... dx^ ~ -^ I 77 "3 — ^^1 ^^a • • • ^^n> 

and therefore integrating by parts and eq^uating the portions 
on each side which remain under the sign of n-fold inte- 
gration, 



S / -7—^ SP dxj^ dxi .... dx^ 



= 2/ j^\-^hPdu^du^..,.du^. 

Whence again transforming the integral in the first member 

^ f" dXi ^p du^ du2 . ... du^ 
J dxi H 

= Sl -T- (jjj^Pdu^dui .,.,du^, 

and this being true quite irrespectively of the form of P, 
we have 

l^^dXj^^ d fVi\ 

H^ dxi^ dui \H) ' 

In this equation Jacobi's theorem is virtually contained. 
For let the given equation be multiplied by any factor. Then 
changing in the above -Xi into iOi, and Ui into MUi^ we 
have 

H^ dxi ^^'duXsj' 
Hence, if M be determined to satisfy the equation 

dXi 
B.D.E. IL 14 
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we shall have 

^im-o (^)- 

This is wholly independent of the relations connecting 
Wj, Wj , . . . w^ with a!i , ajj, , . . . . a?„. Now choose the w — 2 variables 
u^^ Wg, .... u^ so that Wi =; Cj, u^ = c,, .... w^ = c^ shall be 
integrals of the given partial differential equation (a). Then 
that equation transformed becomes 



of which the auxiliary ordinary equation is 



^ndu^^- U^du^= 0. 



At the same time the equation (J) becomes 
d fM ^^ \ . d fM 



du^x 



{i^^Ykm-"- 



Hence -ry is the integrating factor of the preceding diffe- 
rential equation between u^^ and w„, 

Jacobi's theorem in its most general form is thus seen to 
be the following 

Theorem, If the system of differential equations 

dx^ __ ^^2 _ ^^» 



X, x/- X^ 

be transformed by the introduction of a new system of vari- 
ables Ml, Wj, ....w^, so chosen that 



'^I'—^lJ ^j— ^2» ^IMI""^! 



n-2 



shall be integrals of the given system, then the final differen- 
tial equation between u^^ and u^ shall have for its integrating 
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M . 



factor -^, in which M is any function satisfying the partial 
diflferential equation 



dx 



dx. 



dx. 



and -ff stands for the determinant 



du^ 



du^ 
dx. 



du^ 
dx^' 



du, 
dx. 



The form of Jacobi's theorem obtained by the previous 
demonstration may be deduced from the above by choosing 
for Wn-11 ^n two of the original variables, for example a?,^, a?^, 
and transforming the integrals m^, w,, ....w,^ so that u^ shall 
contain only x^...x^^u^ shall contain only x^,..x^^ and so on. 



Examples. 

3. Jacobi has established by means of the above theorem 
the very remarkable theorem that in any ordinary dynamical 
problem the forces depending not upon the time but upon the 
material constitution of the system, if all the integrals but 
two of the dynamical equations are found, the two remaining 
integrals can be found by quadratures, 

1st. In a dynamical system of free points the forces act- 
ing upon which depend only upon the position of the points, 
we have if we represent the entire system of rectangular co- 
ordinates taken in any order by x,y,z,.,. and the correspond- 
ing resolved forces divided each by the corresponding mass 
by -X", Yf Zf,,, the system of equations 



de 



= X, 






14-2 
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or putting 

, e?aj _ <?y _ dx' _ dy 
X y X Y 

Now as X, F,.. do not contain t we may consider first the 
system 

dx ^dy _ dx* _ d^y' 
X y X X 

and It is evident that if we can find all the integrals of this 
system, t will be given by the equation 

.'dx 
t 



{dx 



x' having been first converted by means of the supposed in- 
tegrals into a function of x. 

To determine the last multiplier of the system last written 
we have first the equation 

d {Mx') d{My*) d{MX) d{MY) ^^ 

dx dy "" dxf dy' '" ' 

which since X, F... do not contain x',y' ... Is satisfied by 
M= a constant. Giving to the constant the particular value 1, 
we see that if 



^i~"^i> ^a*^ ^a> •••• **»-8— ^i 



n-2 



iare 71 — 2 integrals of the system, and if by means of these 
we eliminate w — 2 of the variables and construct the diflferen- 
tial equation between the two remaining variables, the inte- 
grating factor of that equation will be -^, in which JS" is the 
functional determinant o{ u^, Ug,....u^. 
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' 2ndly. Suppose the system subject to a material connex- 
ion which establishes an equation of condition among some 
or all of the co-ordinates. If we represent the co-ordinates 
taken in any order and multiplied each by the square root of 
the corresponding mass by a?, y,... the corresponding resolved 
forces by X, F, .., and the equation of condition expressed by 
means of th^ above modified co-ordinates by ^ = 0, the diffe- 
rential equations will be 

the transformation above employed reducing all the equations 
to the same type. [See the next Chapter.] 

Making 

dx ^ t ^y ^ t 

di^^' di"^'"' 

the system becomes 

, c?a;_e?y _ dx' dy' 

ax dy 

and the Jacobian equation for M becomes 



dx dy '"* dx' 






"*" dy 

Now <f> does not contain x\ y\,,. Let us inquire whether 
it is possible to determine M also as a function of x, y .... 
without a?', y'.... so as to satisfy the above differential equa- 
tion. 
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The equation would become 

dx ^ dy '" \dx dx dy' dy ••••y— > 

or if we write 

and from this we must eliminate X. 

Now since ^ = 0, we have by differentiating and putting 
dx_^ , 

dt""^'"' 

"^ dx^^ rfy^--~^' 
and again differentiating 



a" 



or since 



dx dt dy dt "" ' 



dx' V , -^clip 

rs (?'<^ f8 d^(f> I O ' ' ^^ , 

+x^+r^ + .... 



,um\(^)\....}.o, 



^dxj V 
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and differentiating with respect to a?', 



or if we make 



Similarly 






dy dy ^ 



Therefore 



d<f> ^ d(f> d<l> f.d<f> 
dx ax dy dy 

/d\ d^ dK d<f> \ n — (\ 
'^Wd^^d^-Ty^-'}^-^' 

or 

. ^. . .. ctK dd) dx dd> . 

and now elimmatmg j~/ ;r^ + ;r7 T^ + • • • 

we obtain QiM— M6 Q = 0, 

which is satisfied by Jf = Q, 

4. [Among Professor Boole's manuscripts I found five 
pages in German, forming part of a memoir, which was pro- 
bably intended for Crelle's Mathematical Journal. The 
memoir was to have discussed two applic^,tions of the Calcu- 
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Jus of Variations; one to the Jacobian Theory of the Last 
Multiplier, and the other to the Solution of Pfaff's equation 

X^dx^ + X^dx^+ +X^dx^ — 0. 

But there is only a single paragraph relating to the second 
application. 

The manuscript contains the* same demonstration of the 
Jacobian Theory of the Last Multiplier as in Art. 2 of the 
present Chapter; after this demonstration some remarks occur 
of which the substance will now be given.] 

It is worthy of notice, that Jacobi in the 36th volume of 
Crelle's Journal, deduced by the aid of the Calculus of Varia- 
tions the result on which the preceding demonstration of the 
Theory of the Last Multiplier depends. In fact, he shewed 
that if V denotes any function of 



dz 



^l> ^%9 ••• ^«> ^> J > 



• • . 



dz 
dx„^ 



"n 



and Fbe transformed by the introduction of a new system of 
independent variables w^, w,, ... w„, then the following rela- 
tion holds, 



'dV d dV 



dz dx^ J cLz 
dx. 



d dV 

dx. 



d 



dx^ 



d{LV) d d(AV) 

dz 



dz du. 



d 



du. 



d rf(AF) 



dUf^ n dz 
du^ 



where 



A = 



dx^ 
du^ ' 



dx^ 
du^ ' 



dx^ 
du„ 



dx^ 
du. 
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Jacobi applies this result to the transformation of the ex- 
pression 

d'V cPV (TV 

But neither Jacobi himself, nor any other person, so far as I 
know, has drawn attention to the application of the result 
which I have given here. 

[The substance of the single paragraph relating to the 
second application of the Calculus of Variations will now be 
given.] 

Clebsch has earned the thanks of all who are interested in 
the higher parts of the Theory of Differential Equations, since 
he has performed the same service for Pfaff's problem as 
Jacobi did for the Theory of Partial Differential Equations of 
the first order, and thereby for the equations of Dynamics. 
But while I recognise the great importance of the results, I 
consider it desirable to give a simpler deduction of the system 
of partial differential equations therein involved, and on which 
the other results depend. 
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THE DIFFERENTIAL EQUATIONS OF DYNAMICS. 



[It win be seen that this is only a fragment of the Chapter 
which was to have appeared under this title.] 

I do not propose in this Chapter to discuss the origin and 
interpretation of the differential equations of motion or to enter 
into those details of their application which are found in all or- 
dinary treatises on Dynamics. But they constitute a system 
analytically so remarkable from the forms in which it is 
capable of being expressed, and from the general methods of 
integration which emerge out of those forms, that they are 
well deserving of a special attention, 

Referred to rectangular co-ordinates the differential equa- 
tions for the motion of a system of points free or connected 
are 

d^ ^ d^ d^ 
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Here m is the mass at the point (a?, y, z), rn that at {x\ y\ «'), 
X, F, Z the resolved forces at (a:, y, «) tending severally to 
increase those co-ordinates, and so on. Lastly 

^==0, -^ = 0,... 

are the equations of condition each of which may involve all 
the co-ordinates, and \, /a... are indeterminate multipliers. 

The above is usually termed the first Lagrangean form of the 
differential equations. In applying it we must either elimi- 
nate \, /A... from the given equations, and then by the equa- 
tions of condition just so many of the co-ordinates with their 
differentials, or we must retain X, /a, ... as variables so conditioned 

that the values of -^ , -^^••* in the system shall satisfy iden- 

tically the differential equations involving -^, ■;^v» de- 
rived from ^ = 0, -^^O,... viz. the equations 

The first Lagrangean system may by a slight transforma- 
tion be reduced to a form in which all the equations are of 
one type, viz. of the type which they would have if all the 
masses were equal to imity. 

For taking the first equation of the system and dividing 
by mS we may express the result in the form 



d^ {m^x) ^ -y . ^ # d^^ 

d^ m* d{m^x) dim^x) 



• .• 



from which we see that if a?, y ... had been taken to represent 
the entire system of co-ordinates taken in any order and mul- 
tiplied each by the square root of the corresponding mass, and 
-3l, F... the corresponding resolved forces taken in the same 
order and divided each by the square root of the correspond- 
ing mass, the system of equations would have been 



220 THE DIFFERENTIAL EQUATIONS OP DTN \ MICS. [CH. XXXII. 

df dx dx'" 



all being of one type. In general investigations this form 
is to be preferred. 

From the first Lagrangean form another known as the 
second Lagrangean, and from this again a third known as 
the Hamiltonian are derived. The second Lagrangean form 
is properly speaking an expression for the effect of a trans- 
formation of co-ordinates in the most general sense upon the 
original system, i.e. of a transformation which in place of 
a;, ^, ... lie entire system of given co-ordinates substitutes 
a new system of variables f, 97, ... the expressions of which as 
functions of a;, y, ... are known. It is not necessary that this 
new system of variables should be co-ordinates in the proper 
sense of that term, determining three by three the positions 
of the several massefe; it suffices that they should in their en- 
tirety determine and be determined by the co-ordinates given. 

The second Lagrangean form may be established as 
follows : 

.Differentiating the equations ^ = 0, i|r = 0,... with respect to 
any one of the new variables ^ we have 

d(f> dx d(f) d7/ _ 
dx d^ dy d^ **' "" ' 

dyjrdxd^dy __ 
dx d^ dy d^'" ' 

whence if we multiply the equations of the given system by 

dx dy -I -n 1 

-1^ , ^c. ,.•• a^d add, we have 
dg . af 

d^ d^x dy d^y Y — 4-V^ 

dlW^d^W "'^^dl'^ ^ dl"' 
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CHAPTER XXXIIL 



ON THE PROJECTION QP A SURFACE ON A PLANE. 



[The following memoir was found among Professor Boole's 
manuscripts; a Title and Introductory Eemarks were to have 
been prefixed, but with this exception the memoir appears to 
be finished for publication. It is sufficiently connected with 
the subject of Differential Equations to find a place in the 
present volume. 

The memoir by Sir John Herschel to which allusion is 
made is entitled, On a new Projection of the Sphere; this was 
read before the Eoyal Geographical Society of London on 
the 11th of April, 1859, and was printed as part of the Journal 
of the Society, Vol. xxx. 1860, pages 100... 106. A chart of 
the World on Sir John flerschel's projection has been pub- 
lished by A. and C. Black of Edinburgh. 

The history of the subject will be found in Chapter xxiii. 
of the Coup d'ceil historique sur la Projection des Cartes de 
Oiographie,,. Par M. D'Avezac, Paris, 1863. 

For the materials of this introductory notice I am indebted 
to Sir John Herschel.] 

1. Let aj, y, z be the rectangular co-ordinates of any point 
on the given surface; x\ y* the co-ordinates of the correspond- 
ing point on the plane of projection. Let the equation of the 
given surface be 

or, for simplicity, 
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The condition of projection upon which Sir John Herschel's 
investigations are founded, and which we shall adopt here, is 
that of the similarity of corresponding infinitesimal areas on 
the surface and on the plane. The object of the problem then 
in general is the discovery of the mode in which a?', y* depend 
upon a?, y, and z in accordance with the above condition; its 
object in any particular case is the determination of a?', y as 
functions of a;, y, z. 

Regarding then a:', y* as ultimately functions of a?, y, z we 
have 

oa? = —r- ax + -7- ay •\ — ;- az^ 
ax ay ^ dz 

in which dx, dy^ dz are not independent, but are connected 
by the condition 

dF y . dF , . dF y - 

\Mj U)U UtM 

Now for brevity write 

doi ^ dx* ^ - fl!aj' _ 
dx" ^ dy^^ dz'' ^ 

^'=a' ^=:S' ^'=:c' 
dx ^ dy ^ dz ' 

dx ^ dy ' dz "" ' 

then 

dx^ = adx -\-ldy •\' cdz (1)^ 

dy =^adx-\-h'dy-\-c*dz (2), 

O^^Adx + Bdy^- Cdz (3). 
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Now the condition of the similarity of infinitesimal cor- 
, responding areas may be resolved into the two following 
conditions, viz.: 

1st. The equality of their corresponding angles. 

2ndly. The proportionality of their corresponding sides. 

And these conditions we ^all introduce separately. 

1st, Assuming any point a?', jf on the plane of projection, 
let a?' alone vary, and the infinitesimal line generated is doi^ 
while (since dy' = 0) (2) and (3) become 

ddx 4- Vdy 4- cdz = 0, 

Adx 4- Bdy-^- Cdz = 0, 

whence. If we write 

L^Bd-GV, M=Ca'-Ac\ N^Ah'-Ba\ 

- dx dy dz , . 

we haye L^M^N (^)' 

SO that the direction cosines of the infinitesimal line on the 
surface F corresponding to the line dx' on the plane {x\ yf) 
will be 

_Ji K K .5) 

In like manner, if y' alone vary, we shall find for the 
direction cosines of the infinitesimal line on the surface F 
which corresponds to dy' on the plane 

I^' K ^' • r.) 

{L''+M''+N"')^' {L"+M''+N")i' {L"-\-M''+N'')^ ^ ^' 

where i' = J5c- (75, -¥'= Ca-Ac, N'^Ah-Ba. 

By the first of the conditions of similarity the ^ngle be- 
tween these lilies on the surface naust be a right angle since 
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dx and dy are at right angles. Hence we have, from 
(5) and (6), 

LL-vMM^NN'^^ (7). 

2ndly. The ratio of the length of the element dsi to the 
corresponding element on the sirface is 

dx 



or, by (1), 

adx + hdy + cdz 
'jW+^+d?' 

and therefore by (4) 

aL + hM+cN' 

equating which to the corresponding expression for the ratio 
of the length of dy' to that of its projection on the surface, 
we have 

aL + hM-\- cN ^ dU + VM + dW 

^iF+WVn~^ ^iT^TW^Tn^ 

Now if we substitute for L, M, N, L\ M\ If their values, 
we shall find 

aL-\-hM+ cN^ A {Vc - Id) + B {da - ca') + G {ah ~ ah'), 

a'L' + h'M'+ c'N' = A {be- b'c) + B{ca'- ca) + G {ah'- a'b), 

and the second members of these equations differ only in sign. 

Thus (8) may be expressed in the form 

U {h'c - be') + B {c'a -ca') + C {ab'- cib)\ 

^[—1 1 1 „o f9N 

\{U-^M*+N^)^ {L'* + M"+N")^ '"^ ^' 
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But the first factor of the first member of this equation 
being the determinant of the system 

adx + hdy + cdz = 0, 

cidx + Vdy + ddz = 0, 

Adx + Bdy + Gdz = 0, 

expresses when equated to zero the condition that if in the 
system (1), (2), (3) dy' vanishes dx' shall also vanish; and 
ax and dy' being independent, this condition cannot be satis- 
fied, so that (9) reduces to 

1 1 

= 0, 



whence 

jr'« + Jlf2 + if«-i«-if«-J^=0 (10), 

and this, with (7), will fiilly express* the conditions of simi- 
larity. 

2. If we multiply (7) by 2 V— 1, and add and subtract 
the result from (10), we obtain the equivalent system 



[..(11). 



{L' + X V- 1)» + (M' + iif VTi)' +{ir+ N-Z-iy = 
{L' - L V^/ + {W - M^P^y + (jr- N\r^iy = o 

T^T -rr . r / — z dF dx dF dx' 

Now L ±Ln-X = :r -t- - tt tt 

dy dz dz dy 

\dy dz dz dy] 

_ dF d{x' ± yW^) dF d{x' ± y V^) 
dy dz dz dy ' 

aD. E. II. 15 
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Writing then 

x' + y V— 1 = M, x' — y' V— 1 = t?, 



we have 



Tf T I — ; dF du dF du 



dFdv dFdv 
dydz dzdy- 



L'-L'J^ = 



In the same way 

M' + M'/^ 



dF du dFdu 
dz dx dx dz^ 



M' -^ M 'i^l^— — --— ^ 

dz dx dx dz* 



7^4. AT /ZTl — ^ du ^dF du' 

dx dy dy dx^ 

w \tJ — 7* dFdv dFdv 



Substitnting which in the system (11) there result 



fdFdu 
\dy dz 



/dFdv 
\dy dz 



dF duV , /dF du 
dz dy/ \dz dx 

.(dFdu 
\dx dy 

^M\(dFdv 
dz dy) \dz dx 

.(dFdv 
\dx dy 




dFdu\* 
dy dx) 



= 




^....(12), 



dFdvV 
dy dx) 



= 0j 
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to which we may give the somewhat more convenient form 

{(S)"-(D'-{S)]{©"HI)'-{S)'} 

_ fdF du dF^du dF du\^_ ^ ,j. 
\dx dx dy dy dz dzj ~ ^ '' 

^(^^^. + ^ ^4.^ inX^o (11) 

\dx dx dy dy dz dz) *"^ '' 

These are partial differential equations of the first order, 
serving to determine u and v as functions of Xy y^ z. 

But it is not necessary to solve the equations in their 
general form. For, a?, y, and z being connected by the equa- 
tion of the surface, the above equations may always be so 
reduced as to involve only two independent variables. As 
latitude and longitude determine the position of a point on 
the earth, so two co-ordinates of any given species will deter- 
mine the position of a point on the given surface, and these 
co-ordinates, when fixea upon, become the independent varia- 
bles of the problem^ 

Iiet 8 and t represent such co-ordinates, and Ut their ex- 
pressions in terms of a;, y, z give 

« = ^t (a?, y, «), < = ^, (a?, y, z), 

which equations combined with that of the given surface will 
reciprocally determine x, y, z e^a functions of 8 and t Then 
1st the differential coefficients of F which in the equations 
(I), (II), are functions of a?, y, z may be transformed into func- 
tions of 8 and t ; 2ndly , we have 

du du ds du dt 
dx ds dx dt dx^ 

du du ds du dt 
dy ds dy dt dy^ 

du ^du ds du dt 
dz ds dz dt dz^ 
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and ^ ;?- > -T-*'- are known functions of a?, y, z^ they also 

are expressible in terms of s and t. The result of these sub- 
stitutions will then be to convert (I) into a partial diflferential 
equation in which u is the dependent and 8 and i the inde- 
pendent variables, and this equation being, like (I), of the 
first order and second degree in the diflferential coefficients of 
w, will be of the form 

For V we shall have an exactly similar equation with the 
same coefficients. 

The above equation is, by the solution of a quadratic, 
resolvable into two equations of the form 

du -^ du ^ du du 

d^'^^'dt"^' d^^^dt"^' 

To these correspond the respective auxiliary equations 

dt+\ds=Oy dt + \d8 = (13). 

If the integtald of these are 
respectively, then we have 

Now V being determinable by an equation of the same 
form as w, it follows that of the above two values of u one 
must be assigned to v, so that the solution of the problem will 
be contained in the system 

or in the system 



f 
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The particular forms of the arbitrary functions ^ and yft 
will depend solely upon the nature of the problem under con- 
sideration. 

One other point remains to be noticed. The first mem- 
bers of (12) are essentially positive, being composed of 
squares ; so are then the first members of (I) , (II) ; and so, 
if the intermediate transformations are real, is the first 
member of the equation whose coefficients are P, Q, B, 
Hence the quadratic determining \, \ will have imaginary 

roots of the form a ± ^8 J— 1. Ultimately therefore it will suf- 
fice to integrate one equation of the system (13) and then to 

deduce the solution of the other by changing V— 1 into 

3. Application of the ahove forrnulce when the given mr^ 
face is an oblate spheroid, such as the earth. 

Let the plane of the equator be that of projection, the 
centre being the origin. Let the co-ordinates a?, y pass 
through the meridians of and of 90° respectively, and z 
through the poles. The equation of the surface will be 



.2 



a^-hv' z^ 



a 



where a is the earth's equatorial, b its polar radius. Let also 
the latitude of the point a?, y, 2? be represented by s, the 
longitude by t. We have 

dF_2x dF 2y dF ^2z 

dx~a*' dy'^a*' dz~'^' 

and sabstituting in (I), 



dv>? idv^ /'^w\'l 







dxj "^ Wy/ \dzJ^ 



_/x du V du z rfttV _ 
\a' dx a" dy h* dzj ' 
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or, if we represent ^ by A', 



[ du du ,« c?w\* 



— l/**«f^*«»^ \'*'*^/ • 



Now as 0?, 2^ are rectangnlar co-ordinates in the plane of 
the equator^ and x passes through the firsyt meridian, we have 

^ = tan ^. 

X 

Again, representing in the annexed figure the meridian of 
the point P, or (a?, y, z) 
touched by the straight line Q 

QR in the same p lane, we 

have GAf^Va ^+y', MP^z. 

Therefore if Va?' + ^=r, the 
equation of the meridian is 

that of the tangent 

r\ z being current rectangular co-ordinates of the tangent. 
Hence 




d^z 



Vz 



tan(7(2ii=Tr- = -7 , , 
But (7^5 = latitude. Therefore finally 

« = tan"** 



h\ 



, < = tan"'^ 



(16), 



and we must now transform (15) so as to make % and t the 
independent variables. 
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From the above equations combined with (14) we find 

aJico^t __ aAsin^ ^ atan« , . 

VA« + tan««' ^""VA' + tan^s' ^"AVA* + ta^"* ^ ^' 



a; = 



and substituting in (15), 



— (cos^-j- + 8m^-j- + tans-^l =0 (18). 



Again, 



du ^du da du dt 
dx" ds dx dt dx^ 

du ^du ds du dt 
dy^ da dy dt dy^ 

du ^du da du dt 
dz" da dz dt dz* 

•kj ^ da __ — h^zx — 8in» cosg cos ^ JH 

^'^ J^^Tf{(x?^y'^-h^z')'^ oh 

where H= V + tan*«. In like manner 

^ -tt — sip ^ cos g sin tjH 



dy 


ah 


da _ 

'3z 


h cos'« jH 
a 


dt 

dx 


— amtjH 
ah ' 


dt 
dy^ 


costjM 
ah ' 


dz 


0. 
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Hence 

du JH I . du , ^du\ 

-T- = ^^- — sm« cos« cos ^ -^ — sm ^ -t: , 
ax an \ as at/ 

du J~S ( . . ^ e?M . du\ 

-Y- = 7- — Sin « COS « Bin < -T- + cos ^ -r- K 
dy ah \ as dtj 

dz ah \ dsl 

Substituting these values in (18), and dividing by the com- 
mon factor -57a- we have on reduction 
ahf 

(iy+co8'Mn-(A«'-i)co8M«(iy=o, 

which is resolvable into 

^ - TTi cos« {1 + (A'- 1) cos««} ^ =0, 

^ + 7rTcos5{l + (A"-l)cos*«}^ = 0, 

partial differential equations of which the integrals are in- 
cluded in the common formula 

^^^ jcos«{H-(A''-l)cos*«} 
= (— 4. M - A«\ f coasds 

/ ds , /| _ is\ f COBS da 
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f ds ef cossets /* ^ 8 a^-h*\ 
s= e^l- r-^-r-j since e'= — j— I 

= log tan - + -) + - log ^-- ; — 

='»4(ri7lHl/'*"(5^5)}- 

Hence 

•'=*hl([^:/'"(f+i)!*'^]' 

or, changing ^ (<) into ^ (e*), 

"-^{(i^r-(M)"-}- ■ 

Let r and ^ be the polar co-ordinates of that point in the 

f)lane of projection which corresponds to the point whose 
atitude and longitude on the surface are s and t ; and let 

\l-ire sin 5/ \4 2/ 

then the complete solution assumes the very simple form 

r^^^ ^ (/Se**^^, r€-«V^ = f {Se^^'^ (III). 

Of particular deductions the most interesting is that which 
arises from the supposition that the parallels of latitude are 
projected into circles round the pole^ This requires that n 

B.D.E. II. 16 
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should be independent of /, a condition which is satisfied in 
the most g^nerivl manner by assuming 

we then find 

whence, on multiplication and division, 

whence, A and B being uew arbitrary constants derived from 
G and C 

If we observe that 6 and t should vanish together, we have 
-8 = 0, and the equation ^ = ± n^ shews that the surface of 
the sphere will be projected into a sector of a circle, the arc 
of which is to the circumference of the circle as n : 1. Thus, 

if n = J , the sphere is projected upon a quadrant, and so 

on. 

The other equation gives 

If « = we find r = -4, whence A is the distance of the 
equator from the pole in the plane of projection, and if that 
distance, which is arbitrary, be assumed as the unit, we have 



= tan ((;-!■ 1)17 ;-^""^) " 

[V4 2/ J Vl+esin^y 



for the distance from the pole of that parallel whose latitude 
is B* We pay give to this expression a better form by- 



ART. 3.] 



OF A SUBFACE ON A PLANE. 



235 



assuming jp = -r + «, and introducing an auxiliary quantity q 
determined by the equation 

ecosp = cosj. 
We have then 

The folbwing table gives the values of r for the sphere and 
for the spheroid whose eccentricity is '08 (which is about that 
of the earth), for each ten degrees of polar distance, for the 

values 71 = 1, and ti = -r . 

4 



• 

Polar 


n= 


= 1 


n- 


1 
""4 


Distance. 










Spl^ere. 


Spheroid. 


Sphere. 


Spheroid. 


10*' 


•0875 


•0880 


-5439 


•6447 


20<> 


•1763 


•1774 


•6480 


•6490 


3(y 


•2679 


•2694 


•7195 


•7205 


40*^ 


•3640 


•3658 


•7767 


•7777 


500 


•4663 


•4682 


•8264 


•8272 


60*^ 


•6774 


•6792 


•8717 


•8724 


10' 


•7002 


•7017 


•9148 


•9163 


SO'' 


•8391 


•8400 


-9671 


•9574 


90^ 


1-0000 


1-0000 


1-0000 


1-0000 


100® 


1-1918 


1-1904 


1-0448 


1-0445 


110*' 


1-4281 


1-4250 


1 -0932 


1-0926 


120*' 


1-7321 


1-7265 


1-1472 


1-1463 


130® 


21445 


2-1357 


1-2101 


1-2089 


140® 


2-7475 


2-7340 


1-2875 


1-2859 


160® 


3-7321 


3-7114 


1-3899 


1-3880 


160® 


5-6713 


6-6372 


1-5432 


1-5409 


170® 


11-4301 


11-3581 


1-8387 


1-8358 



THE END. 
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Chapter of Genesis. By the Rev. 
JAMES CHALLIS, M.A. F.R.S. 
F.R.A.S. Crown 8vo. 3^. (kI. 

CHATTERTON. — LEO- 

NORE: a Tale. By GEOR- 
GIANA LADY CHATTER- 
TON. A New Edition. Beau- 
tifully printed on thick toned 
paper. Crown 8vo. with Fron- 
tispiece and Vignette Title en- 
graved by Jeens. Price 7^. 6df. 
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CHAUCER. — AN AT- 
TEMPT TO ASCERTAIN 
THE STATE OF CHAU- 
CER^S WORKS. See Brad- 

SHAW. 

CHEYNE.— AN ELEMEN- 
TARY TREATISE on the 
PLANETARY THEORY. With 
a Collection of Problems. By C. 
H. H. CHEYNE, B.A. Crown 
8vo. 6^". dd, 

CHILDE.-The SINGULAR 

PROPERTIES of the ELLIP- 
SOID and ASSOCIATED SUR- 
FACES of the Nth DEGREE. 
By the Rev. G. F. CHILDE, 
M.A. 8vo. lar. 6^. 

CHRETIEN.— THE LET- 
TER AND THE SPIRIT. Six 

Sermons on the Inspiration of 
Holy Scripture. By CHARLES 

P. CHRETIEN. Crown 8vo. 5^. 

* 

CHRISTIE. — NOTES ON 

BRAZILIAN QUESTIONS. 
By W. D. CHRISTIE. Crown 
8vo. cloth, dr. 6</. 

CICERO.— THE SECOND 

PHILIPPIC ORATION. With 
an Introduction and Notes, trans- 
lated from Karl Halm. Edited 
with corrections and additions. 
By JOHN E. B. MAYOR, M.A. 
Second Edition, Fcap. 8vo. 5^. 

CLARA VAUGHAN. — A 

Novel. 3 vols, crown 8vo. 31^". 6^. 

CLARK.— FOUR SER- 
MONS PREACHED IN THE 
CHAPEL OF TRINITY COL- 
LEGE, CAMBRIDGE. By W. 
G. CLARK, M.A. Fcap. 8vo. 
2s, 6d, 



CLAY.— THE PRISON 

CHAPLAIN. A Memoir of the 
Rev. JOHN CLAY, B.D. late 
Chaplain of the Preston Gaol. 
With Selections from his Reports 
and Correspondence, and a Sketch 
of Prison- Discipline in England. 
By his son, the Rev. W. L. CLAY, 
M.A. 8vo. 15^". 

CLAY.— THE POWER OF 

THE KEYS. Sermons preached 
in Coventry. By the Rev. W. L. 
CLAY, M.A. Fcap. 8vo. y. 6d, 

CLERGYMAN'S SELF- 
EX AMIN'ATION concerning the 
APOSTLES' CREED. Extra 
fcap. 8vo. IS. 6d. 

CLEVER WOMAN OF 

THE FAMILY. By the Author 
of "The Heir of Redclyife." 2 
vols, crown 8vo. cloth, 12^. 

CLOUGH.— -The POEMS of 
ARTHUR HUGH CLOUGH, 
sometime Fellow of Oriel College, 
Oxford. With a Memoir by F. 
T. PALGRAVE. Second Edi- 
tion. Fcap. 8vo. ds, 

COLENSO.— WORKS by the 

Right Rev. J. W. COLENSO, 
D.D. Bishop of Natal:— 

THE COLONY OF NATAL. A 
Journal of Visitation. With a 
Map and Illustrations. Fcap. 
8vo. 5-f' 

VILLAGE SERMONS. Second 
Edition. Fcap. 8vo. 2s. 6d. 

FOUR SERMONS on ORDI- 
NATION, and on MISSIONS. 
i8mo. I J". 

COMPANION TO THE HOLY 
COMMUNION, containing the 
Service, and Select Readings from 
the writings of Mr. MAURICE. 
» Fine Edition, morocco, antique 
style, 6s. or in cloth, 2s. od. 
Common Paper, is. 
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ST. PAUL'S EPISTLE TO THE 
ROMANS. Newly Translated 
and Explained, from a Missionary 
point of View. Crown 8vo. 7^. 6^. 

LETTER TO HIS GRACE THE 
ARCHBISHOP OF CANTER- 
BURY, upon the Question of 
Polygamy, as found already exist- 
ing in Converts from Heathenism. 
Second Edition. Crown 8yo. 

COOKERY FOR ENG- 
LISH HOUSEHOLDS. By a 
FRENCH LADY. Extra fcap. 
8vo. 5j. 

COOPER.— ATHENA E 

CANTABRIGIENSES. By 
CHARLES HENRY COOPER, 
F. S. A. and THOMPSON 
COOPER, F.S.A. Vol. L Svo. 
1500—85, i8j". Vol. II. 1586— 
1609, i&r. 

COTTON.— SERMONS and 

ADDRESSES delivered in Marl- 
borough College during Six Years, 
by GEORGE EDWARD 
LYNCH COTTON, D.D. Lord 
Bishop of Calcutta. Crown 8vo. 
lOf. 6d, 

COTTON.— A CHARGE to 

the CLERGY of the DIOCESE 
and PRO VINCEof CALCUTTA 
at the Second Diocesan and First 
Metropolitan Visitation. By 
GEORGE EDWARD LYNCH 
COTTON, D.D. 8vo. y:6d, 

COTTON.— SERMONS, 

chiefly connected with Public 
Events of 1854. Fcap. 8vo. 3j". 

COTTON.— EXPOSITORY 

SERMONS on the EPISTLES 
for the Sundays of the Christian 
Year. By GEORGE EDWARD. 
LYNCH COTTON, D.D. Two 
Vols, crown 8vo. 15^". 



CRAIK.— MY FIRST 

JOURNAL. A book for the 
Young. By GEORGIANA M. 
CRAIK, Author of " River- 
ston," ** Lost and Won," &c. 
Royal i6mo. cloth, gilt leaves, 
3J. 6d, 

CROCKER.— A NEW PRO- 

POSALforaGEOGRAPHICAL 
SYSTEM of MEASURES and 
WEIGHTS conveniently Intro- 
ducible, generally by retaining 
familiar notions by familiar names. 
To which are added remarks on 
systems of Coinage. By JAMES 
CROCKER, M.A. 8vo. &r. 6d. 

DANTE. — DANTE'S 

COMEDY, The Hell. Trans- 
lated by W. M. ROSETTI. 
Fcap. 8vo. cloth, 5^^. 

DAVIES.— ST. PAUL AND 

MODERN THOUGHT: Re- 
marks on some of the Views 
advanced in Professor Jowett's 
Commentary on St. Paul. By 
Rev. J. Ll. DAVIES, M.A. 
8vo. 2s. 6d, 

DAVIES.— SERMONS ON 

THE MANIFESTATION OF 
THE SON OF GOD. With a 
Preface addressed to Laymen on 
the present position of the Clergy 
of the Church of England ; and 
an Appendix on the Testimony 
of Scripture and the Church as to 
the possibility of Pardon in the 
Future State. By the Rev. J. 
Ll. DAVIES, M. A. Fcap. 8vow 
6^. 6d. 

DAVIES.— THE WORK OF 

CHRIST ; OR THE WORLD 
RECONCILED TO GOD. 
With a Preface on the Atone- 
ment Controversy. By the Rev. 
J. Ll. DAVIES, M.A. Fcap. 
8vo. 6s. 
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DAVIES.— BAPTISM, 

CONFIRMATION, AND THE 
LORD'S SUPPER, as inter- 
preted by their outward signs. 
Three Expository Addresses for 
Parochial Use. By the Rev. T. 
Ll. DAVIES, M. A. Limp cloth, 
I J. dd. 

DAYS OF OLD : STORIES 

FROM OLD ENGLISH HIS- 
TORY. By the Author of " Ruth 
and her Friends. " New Edition, 
i8mo. cloth, gilt leaves, 3^. dd. 

DEMOSTHENES DE CO- 
RONA. The Greek Text with 
English Notes. By B. DRAKE, 
M. A. Second Edition^ to which 
is prefixed Aeschines against 
Ctesiphon, with English Notes. 
Fcap. 8vo. 5^". 

DE TEISSIER.— VILLAGE 

SERMONS, by G. F. DE 
TEISSIER, B.D. Crown Svo.gj. 

Second Series. Crown 8vo. 

cloth. 8^. 6^. 

DE VERK— THE INFANT 

BRIDAL, AND OTHER 
POEMS. By AUBREY DE 
VERE. Fcap. 8vo. 7^. dd. 

DICEY. — SIX MONTHS 

IN THE FEDERAL STATES. 
By EDWARD DICEY. 2 Vols, 
crown Svo. 12^. 

DICEY.— ROME IN i860. 

By EDWARD DICEY. Crown 
Svo. ds. 6d. 

DONALDSON.— A CRITI- 
CAL HISTORY OF CHRIS- 
TIAN LITERATURE AND 
DOCTRINE, from the Death of 
the Apostles to the Nicene Coun- 
cU. ByJ AMES DONALDSON, 
M.A. Vol. I.— THE APOS- 
TOLIC FATHERS. 8vo. 
cloth. I Of. 6d. 
Vols. II. and III. just ready. 



DREW. — A GEOMETRI- 
CAL TREATISE ON CONIC 
SECTIONS. ByW. H.DREW, 
M.A. Third Edition. Crown Svo. 
4r. 6d. 

DREW.— SOLUTIONS TO 

PROBLEMS CONTAINED IN 
MR. DREW'S TREATISE ON 
CONIC SECTIONS. Crown 
Svo. 4^. 6d, 

EARLY EGYPTIAN HIS- 
TORY FOR THE YOUNG. 
With Descriptions of the Tombs 
and Monuments. New Edition, 
with Frontispiece. Fcap. j8vo. 

EASTWOOD.— The BIBLE 

WORD BOOK. A Glossary of 
Old English Bible Words. By 
J. EASTWOOD, M.A. of St. 
John's College, and W. ALDIS 
WRIGHT, M.A. Trinity College, 
Cambridge. iSmo. Uniform with 
Macmillan's School Class Books. 

ECCE HOMO. A Survey of 

the Life and Work of Jesus Christ. 
Svo. lOJ", 6d, 

ECHOES OF MANY 

VOICES FROM MANY 
LANDS. iSmo. cloth extra, 
gilt, ^s. 6d. 

ENGLISH IDYLLS. Ty 

JANE ELLICE. Fcap. S\o. 
cloth. 6^. 

EVANS.— BROTHER FA- 
BIAN'S MANUSCRIPT ; And 
other Poems. By SEBASTIAN 
EVANS. Fcap. Svo. cloth, price 
6s, 

FAWCETT. — THE ECO- 
NOMIC POSITION OF THE 
BRITISH LABOURER. By 
HENRY FAWCETT, M.P. 
Extra fcap. Svo. cloth, 55". 
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FAWCETT.— MANUAL of 

POLITICAL ECONOMY. By 
HENRY FAWCETT, M. P. 

Second Edition. Crown 8vo. 

FERRERS.— A TREATISE 

ON TRILINEAR CO-ORDI- 
NATES, the Method of Reci- 
procal Polars, and the Theory of 
Projections. By the Rev. N. M. 
FERRERS, M.A. Crown 8vo. 

FISHER. — CONSIDERA- 
TIONS ON THE ORIGIN 
OF THE AMERICAN WAR. 
By HERBERT FISHER. Fcp. 

FLETCHER. —THOUGHTS 
FROM A GIRL^S LIFE. By 
LUCY. FLETCHER. Second 
Edition. Fcap. Svo. ^r. dd, 

FORBES.— LIFE OF 

EDWARD FORBES, F. R. S. 
By GEORGE WILSON, M.D. 
F.R.S.E. and ARCHIBALD 
GEIKIE, F. G. S. Svo. with Por- 
trait, I4r. . 

FREEMAN.— HISTORY of 

FEDERAL GOVERNMENT, 
from the Foundation of the Achaian 
League to the Disruption of the 
United States. By EDWARD 
■ A. FREEMAN, M.A. Vol. L 
General Introduction. —History of 
the Greek Federations. Svo. 

21^". 

FROST.— THE FIRST 

THREE SECTIONS of NEW- 
TON'S PRINCIPIA. With 
Notes and Problems in illustra- 
tion of the subject. By PER- 
CIVAL FROST, M.A. Second 
Editiott. Svo. los. ()d. 



FROST AND WOLSTEN- 

HOLME.— A TREATISE ON 
SOLID GEOMETRY. By the 
Rev. PERCIVAL FROST, M.A. 
and the Rev. J. WOLSTEN- 
HOLME, M.A. Svo. iSr. 

FURNIVALL.-LE MORTE 

ARTHUR. Edited from the Har- 
leian M.S. 2252, in the British 
Museum. By F. J. FURNI- 
VALL, M.A. With Essay by 
the late HERBERT COLE- 
RIDGE. Fcap. Svo. cloth, 7^. 6d. 

GALTON.--METEORO- 

GRAPHICA, or Methods of 
Mapping the Weather. Illustrated 
by upwards of 600 Printed Litho- 
graphed Diagrams. By FRAN- 
CIS G ALTON, F.R.S. 4to. 9^. 

GARIBALDI at CAPRERA. 

By COLONEL VECCHJ. With 
Preface by Mrs. GASKILL. Fcap. 

Svo. IS. 6d. 

GEIKIK— STORY OF A 

BOULDER; or. Gleanings by 
a Field Geologist. By ARCHI- 
BALD GEIKIE. Illustrated with 
Woodcuts. Crown Svo. 5 J. 

GEIKIE'S SCENERY OF 

SCOTLAND, with Illustrations 
and a new Geological Map. Cr. 
Svo. cloth, los. 6d. 

GIFFORD.— THE GLORY 

OF GOD IN MAN. By E. H. 
GIFFORD, D.D. Fcap. 8vo. 
cloth. 3^. hd. 

GOLDEN TREASURY 

SERIES. Uniformly printed in 
i8mo. with Vignette Titles by 
J. Noel Baton, T. Woolner, 
W. HoLMAN Hunt, J. E. Mil- 
LAis, &c Bound in extra cloth, 
4J. 6d. ; morocco plain, 7^. 6d. ; 
morocco extra, los, 6d. each. 
Volume. 
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THE GOLDEN TREASURY 
OF THE BEST SONGS AND 
LYRICAL POEMS IN THE 
ENGLISH LANGUAGE. Se- 
lected and arranged, with Notes, 
by FRANCIS TURNER PAL- 
GRAVE. 

THE CHILDREN'S GARLAND 
FROM THE BEST POETS. 
Selected and arranged by CO- 
VENTRY PATMORE. 

THE BOOK OF PRAISE. From 
the best English Hymn Writers. 
Selected and arranged by RO UN- 
DELL PALMER. A New and 
Enlarged Edition. 

THE FAIRY BOOK : The Best 
Popular Fairy Stories. Selected 
and Rendered Anew by the 
Author of "John HaHfax.'^ 

THE BALLAD BOOK. A 
Selection of the Choicest British 
Ballads. Edited by WILLIAM 
ALLINGHAM. 

THE JEST BOOK. The 
Choicest Anecdotes and Sayings. 
Selected and arranged by MARK 
LEMON. 

BACON'S ESSAYS AND 
COLOURS OF GOOD AND 
EVIL. With Notes and Glossarial 
Index, by W. ALDIS WRIGHT, 
M. A. Large paper copies, crown 
8vo. 7 J. dd. ; or bound in half 
morocco, lar. (>d. 

The PILGRIM'S PROGRESS 
from this World to that which is 
to Come. By JOHN BUN YAN. 

\* Large paper Copies, crown 8vo. 
cloth, 7^". hd. ; or boimd in half 
morocco, lox. 6</. 

THE SUNDAY BOOK OF 
POETRY FOR THE YOUNG. 
Selected and arranged by C. F. 
ALEXANDER. 



A BOOK OF GOLDEN DEEDS 
OF ALL TIMES AND ALL 
COUNTRIES. Gathered and 
Narrated anew by the Author 
of " The Heir of Redely ffe." 

THE POETICAL WORKS OF 
ROBERT BURNS. Edited, 
with Biographical Memoir, by 
ALEXANDER SMITH. 2 vols. 

THE ADVENTURES OF RO- 
BINSON CRUSOE. Edited 
from the Original Editiotis by 
J. W. CLARK, M.A. with a 
Vignette Title by J. E. MiLLAiS. 

THE REPUBLIC OF PLATO. 
Translated into English with Notes 
by J. LI. DAVIES, M.A. and 
D. J. VAUGHAN, M.A. New 
Edition, with Vignette Portraits of 
Plato and Socrates engraved by 
Jeens from an Antique Gem. 

GORDON. — LETTERS 

from EGYPT, 1863—5. By 
LADY DUFF GORDON. Third 
Edition. Cr. Svo. cloth, %s, 6d, 

GORST.— THE MAORI 

KING; or, the Story of our 
Quarrel with the Natives of New 
Zealand. ByJ. E. GORST,M.A. 
With a Portrait of William Thomp- 
son, and a Map of the Seat of 
War. Crown Svo. loj*. (>d. 

GREEN. —SPIRITUAL 

PHILOSOPHY, Founded on the 
Teaching of the late SAMUEL 
TAYLOR COLERIDGE. By 
the late JOSEPH HENRY 
GREEN, F.R.S.D.C.L. Edited, 
with a Memoir of the Author's 
Life, by JOHN SIMON, F.R.S. 
Two vols. Svo. cloth, price, 25^. 

GROVES.— A COMMEN- 
TARY ON THE BOOK OF 
GENESIS. For the Use of Stu- 
dents and Readers of the English 
Version of the Bible. By the 
Rev. H. C. GROVES, M.A. 
Crown Svo. 9^. 
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GUIDE TO THE UNPRO- 
TECTED in Every Day Mat- 
ters relating to Property and 
Income. By a BANKER'S 
DAUGHTER. Second Edition, 
Extra fcap. 8vo. 3^. dd, 

HAMERTON.— A PAINT- 
ER'S CAMP IN THE HIGH- 
LANDS; and Thoughts about 
Art. By P. G. HAMERTON. 
2 vols, crown 8yo. 2Ij. 

HAMILTON. — THE RE- 
SOURCES OF A NATION. 
A Series of Essays. By ROW- 
LAND HAMILTON. 8vo. 
icxf. 6</. 

HAMILTON.— On TRUTH 

and ERROR: Thoughts on the 
Principles of Truth, and the 
Causes and Effects of Error. By 
JOHN HAMILTON. Crown 
Svo. SJ". 

HARDWICK.— CHRIST 

AND OTHER MASTERS. A 
Historical Inquiry into some of 
the Chief Parallelisms and Con- 
trasts between Christianity and the 
Religious Systems of the Ancient 
World. By the Ven. ARCH- 
DEACON HARDWICK. New 
Edition, revised, and a Prefatory 
Memoir by the Rev. FRANCIS 
PROCTER. Two vols, crown 
Svo. 15^. 

HARDWICK. — A HIS- 
TORY OF THE CHRISTIAN 
CHURCH, during the Middle 
Ages and the Reformation. (a.d. 
590-1600.) ByARCHDEACON 
HARDWICK. Two vols, crown 

Svo. 2lS. 

Vol. I. Second Edition. Edited 
by FRANCIS PROCTER, M. A. 
History from Gregory the Great to 
the Excommunication of Luther. 
With Maps. 



Vol. II. Second Edition, His- 
tory of the Reformation of the 
Church. 

Each volume may be had sepa- 
rately. Price I Of. 6d. 

HARDWICK. — TWENTY 

SERMONS FOR TOWN CON- 
GREGATIONS. Crown Svo. 
dr. 6d. 

HARE.— WORKS BY 

JULIUS CHARLES HARE, 
M.A. Sometime Archdeacon of 
Lewes, and Chaplain in Ordi- 
nary to the Queen. 

CHARGES DELIVERED 
during the Years 1840 to 1S54. 
With Notes on the Principal 
Events affecting the Church 
during that period. With an 
Introduction, explanatory of his 
position in the Church with re- 
ference to the parties which divide 
it. 3 vols. Svo. i/. lis. 6d. 

MISCELLANEOUS PAM- 
PHLETS on some of the Leading 
Questions agitated in the Church 
during the Years 1S45— 51. Svo. 

12S. 

THE VICTORY OF FAITH. 

THE MISSION OF THE COM- 
FORTER. Third Edition. With 
Notes I'zs. 

VINDICATION OF LUTHER. 
Second Edition. Svo. "js. 

PARISH SERMONS. Second 
Series. Svo. cloth, 12s. 

SERMONS PREACHED OX 
PARTICULAR OCCASIONS. 
Svo. cloth, I2s. 

PORTIONS OF THE PSALMS 
IN ENGLISH VERSE. Selec- 
ted for Public Worship. iSmo. 
cloth, 2s, 6d. 

*»* The two following Books are 
included in the Three Volumes 
of Charges, but may be had sepa- 
rately. 
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THE CONTEST WITH ROME. 
Second Edition. 8vo. cl. lOr. 6:/. 

CHARGES DELIVERED in the 
Years 1843, 1845, 1846. With 
an Introduction, ds. 6d, 

HEARN. — PLUTOLOGY ; 

or, the Theory of the Efforts to 
Satisfy Human Wants. By W. 
E. HEARN, LL.D. 8vo. I4J-. 

HEBERT. — CLERICAL 

SUBSCRIPTION, an Inquiry 
into the Real Position of the 
Church and the Clergy in reference 
to— I. The Articles; II. The 
Liturgy; III. The Canons and 
Statutes. By the Rev. CHARLES 
HEBERT, M.A. F.R.S.L. Cr. 
8vo. 'js. 6d. 

HEMMING.— AN ELE- 
MENTARY TREATISE ON 
THE DIFFERENTIAL AND 
INTEGRAL CALCULUS. By 
G. W. HEMMING, M.A. Second 
Edition. 8vo. Qj*. 

HERVEY.— THE GENEA- 
LOGIES OF OUR LORD AND 
SAVIOUR JESUS CHRIST, 
as contained in the Gospels of 
St. Matthew and St. Luke, recon- 
ciled with each other, and shown 
to be in harmony with the true 
Chronology of the Times. By 
Lord ARTHUR HERVEY, 
M.A. 8vo. loj". 6d. 

HERVEY. — THE AAR- 
BERGS. By ROSAMOND 
HERVEY. 2 vols, crown 8vo. 
cloth, 2is. 

HISTORICUS.— LETTERS 

ON SOME QUESTIONS OF 
INTERNATIONAL LAW. Re- 
printed from the Times, with con- 
siderable Additions. 8vo. 7^. (>d. 
Also, ADDITIONAL LET- 
TZ.li. 8vo. 2s,, 6d, 



H O D GS O N.— M YTH O- 

LOGY FOR LATIN VERSI- 
FICATION : a Brief Sketch of 
the Fables of the Ancients, pre- 
pared to be rendered into Latin 
Verse for Schools. By F. HODG- 
SON, B.'D. late Provost of Eton. 
New Edition, revised by F. C. 
HODGSON, M.A. i8mo. 3^. 

HOLE.— A BRIEF BIO- 
GRAPHICAL DICTIONARY. 
Compiled and Arranged by 
CHARLES HOLE, M.A. Tri- 
nity College, Cambridge. In 
Pott 8vo. (same size as the '* Gol- 
den Treasury Series") neatly and 
strongly bound in cloth. Second 
Edition, Price 4J-. dd. 

HORNER.— The TUSCAN 

POET GIUSEPPE GIUSTI 
AND HIS TIMES. By SUSAN 
HORNER. Crown 8vo. ^s. 6d, 

HOWARD.— THE PENTA- 
TEUCH ; or, the Five Books of 
Moses. Translated into English 
from the Version of the LXX. 
With Notes on its Omissions and 
Insertions, and also on the Pas- 
sages in which it differs from the 
Authorized Version. By the Hon. 
HENRY HOWARD, D.D. 
Crown 8vo. Genesis, i vol. 
8j. 6d. ; Exodus and Leviticus, 
I vol. lOj-. 6d.; Numbers and 
Deuteronomy, i vol. loi-. 6d. 

HUMPHRY. — THE 

HUMAN SKELETON (includ- 
ing the JOINTS). Bv GEORGE 
MURRAY HUMPHRY, M.D. 
F. R. S. With Two Hundred and 
Sixty Illustrations drawn from 
Nature. Medium 8vo. i/. 8j". 

HUMPHRY. — THE 

HUMAN HAND AND THE 
HUMAN FOOT. With Nume- 
rous Illustrations. Fcp. 8vo. 4f . 6d. 
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HUXLEY. — LESSONS IN 

ELEMENTARY PHYSIOLO- 
GY. With numerous Illustra- 
tions. By T. H. HUXLEY, 
F. R. S. Professor of Natural His- 
tory in the Government School of 
Mines. Uniform with Macmil- 
lan's School Class Books. 

HYDE.— HOW TO WIN 

OUR WORKERS. An Account 
of the Leeds Sewing School. By 
Mrs. HYDE. Fcap. 8vo. is. 6d. 

HYMNI ECCLESI^.— 

Fcap. 8vo. cloth, 'js. 6d. 

JAMESON.— LIFE'S 

WORK, IN PREPARATION 
AND IN RETROSPECT. Ser- 
mons Preached before the Univer- 
sity of Cambridge. By the Rev. 
F. J. JAMESON, M.A. Fcap. 
8vo. is. 6d. 

JAMESON.— BROTHERLY 

COUNSELS TO STUDENTS. 
Sermons preached in the Chapel 
of St. Catharine's College, Cam- 
bridge. By F. J. JAMESON, 
M.A. Fcap. 8vo. is. 6d. 

JANET'S HOME.— A Novel. 

New Edition. Crown 8vo. 6s. 

JEVONS.— THE COAL 

QUESTION. ByW.STANLEY 
JEVONS, M.A. Fellow of Uni- 
versity College, London. 8vo. 
loj". 6d. 

JONES.— THE CHURCH 

of ENGLAND and COMMON 
SENSE. By HARRY JONES, 
M.A. Fcap. 8vo. cloth, 3^. 6d. 

JUVENAL.— JUVENAL, for 

Schools. With EngHsh Notes. 
By J. E. B. MAYOR, M.A. New 
and Cheaper Edition. Crown 8vo. 
Reprinting, 



KEARY. — THE LITTLE 

WANDERLIN, and other 
Fairy Tales. By A. and E. 
KEARY. i8mo cloth, 3^. 6^. 

KINGSLEY.— WORKS BY 

THE REV. CHARLES KINGS- 
LEY M.A. Rector of Eversley, 
and Professor of Modem History 
in the University of Cambridge : — 

THE ROMAN and the TEUTON. 
A Series of Lectures delivered 
before the University of Cam- 
bridge. 8vo. I2J. 

TWO YEARS AGO. FouHh 
Edition. Crown 8vo. 6^". 

"WESTWARD HO!'' Fifth 
Edition. Crown 8vo. 6^. 

ALTON LOCKE. New Edition. 
with a New Preface. Crown 8vo. 
4^. (>d. 

HYPATIA; Fourth Edition. Cm. 
8vo. 6s. 

YEAST. Fourth Edition. Fcap. 
8vo. 5 J. 

MISCELLANIES. Second Edition. 
2 vols, crown 8vo. 12s. 

THE SAINTS TRAGEDY. Third 
Edition. Fcap. 8vo. 5^. 

ANDROMEDA, and other Poems. 
Third Edition. Fcap. 8vo. 5^". 

THE WATER BABIES, a Fairy 
Tale for a Land Baby. With 
Two Illustrations by J. Noel 
Paton, R.S.A. New Edition. 
Crown 8vo. 6^. 

GLAUCUS : or, the Wonders of 
the Shore. New and Illustrated 
Edition, containing beautifully 
Coloured Illustraitions. 5^. 

THE HEROES ; or, Greek Fairy 
Tales for my Children. With 
Eight Illustrations. Neiv Edition. 
i8mo. 3^. 6d. 
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VILLAGE SERMONS. Sixth 
Edition. Fcap. 8vo. 2s. 6d. 

THE GOSPEL OF THE PEN- 
TATEUCH. Second Edition. 
Fcap. 8vo. 4r. 6d. 

GOOD NEWS OF GOD. Third 
Edition, Fcap. 8vo. ()s. 

SERMONS FOR THE TIMES. 
Third Edition. Fcap. 8vo. 3^. 6d. 

TOWN AND COUNTRY SER- 
MONS. Fcap. 8vo. 6s. 

SERMONS ON NATIONAL 
SUBJECTS. First Series. Second 
Edition. Fcap. 8vo. ^s. 

SERMONS ON NATIONAL 
SUBJECTS. Second Series. 
Second Edition. Fcap. 8vo. 5^. 

ALEXANDRIA AND HER 
SCHOOLS. With a Preface. 
Crown 8vo. 5^. 

THE LIMITS OF EXACT 
SCIENCE AS APPLIED TO 
HISTORY. An Inaugural Lec- 
ture delivered before the Univer- 
sity of Cambridge. Crown 8yo. 
2J. 

PH AETHON ; or Loose Thoughts 
for Loose Thinkers. Third Edition, 
Crown 8vo. 2s, 

DAVID. — Four Sermons — David's 
Weakness — David's Strength — 
David's Anger — David's Deserts. 
Fcap. 8vo. cloth, 2s. 6d. 

KINGSLEY. —AUSTIN 

ELLIOT. By HENRY KINGS- 
LEY, Author of **Ravenshoe," 
&c. JVew Edition. Crown 8vo. 
6s, 

KINGSLEY. — THE RE- 
COLLECTIONS OF GEOF- 
FREY HAMLYN. By HENRY 
KINGSLEY. Second Edition. 
Crown Svo, 6s. 



KINGSLEY.— THE HILL- 

. YARS AND THE BUR- 
TONS : a Story of Two Families. 
By HENRY KINGSLEY. 3 
vols, crown Svo. cloth, it. lis. 6d. 

KINGSLEY.— RAVENSHOE. 
By HENRY KINGSLEY. iV^cr 
Edition. Crown 8vo. 6^. 

KINGTON.— HISTORY of 

FREDERICK the SECOND, 
Emperor of the Romans. By 
T. L. KINGTON, M. A. 2 vols. 
demy8vo. 32^. 

KIRCHH OFF. — RE- 
SEARCHES on the SOLAR 
SPECTRUM and the SPEC- 
TRA of the CHEMICAL ELE- 
MENTS. By G. KIRCHHOFF, 
of Heidelberg. Translated by 
HENRY E. ROSCOE, B.A. 
4to. Ss. Also the Second Part. 
4to. 5^". with 2 Plates. 

LANCASTER —ECLOGUES 
AND MONO-DRAMAS ; or, a 
Collection of Verses. By WIL- 
LIAM LANCASTER. Extra 
fcap. Svo. 4s. 6d. 

LANCASTER. — PRiETE- 

RITA : Poems. By WILLIAM 
LANCASTER. Extra fcap. 8vo. 
4s. 6d. 

LANCASTER. — STUDIES 

IN VERSE. By WILLIAM 
LANCASTER. Extra fcap. 8vo. 
cloth, 4f. 6d. 

LATHAM. — THE CON- 

STRUCTION of WROUGHT- 
IRON BRIDGES, embracing the 
Practical Application of the Prin- 
ciples of Mechanics to Wrought- 
Iron Girder Work. By J. H. 
LATHAM, Esq. Civil Engineer. 
Svo. With numerous detail Plates. 
Second Edition. [Preparing, 



H 



MACMILLAN AND CO:S 



LECTURES TO LADIES 
ON PRACTICAL SUBJECTS. 
Third Edilion, revised. Crown 
8vo. "js. 6d. 

LEMON. — LEGENDS OF 

NUMBER NIP. By MARK 
LEMON. With Six Illustra- 
tions by C HARLES Keene. Extra 
fcap. 5 J". 

LESLEY'S GUARDIANS : 

A Novel. By CECIL HOME. 
3 vols, crown 8vo. 31^. 6d, 

LI GHTFOOT. — ST. 

PAUL'S EPISTLE TO THE 
GALATIANS. A Revised Text, 
vnth Notes and Dissertations. 
By J. D. LIGHTFOOT, D.D. 
8vo. cloth, los, 6d. 

LOWELL. — FIRESIDE 

TRAVELS. By JAMES RUS- 
SELL LOWELL, Author of 
**The Biglow Papers." Fcap. 
8vo. 4^. 6d. 

LUDLOW and HUGHES.— 
A SKETCH of the HISTORY 
of the UNITED STATES from 
Independence to Secession. By 
J. M. LUDLOW, Author of 
** British India, its Races and its 
History," **The Policy of the 
Crown towards India," &c. 

To which is added, THE 
STRUGGLE FOR KANSAS. 
ByTHOMAS HUGHES, Author 
of ** Tom Brown's School Days," 
"Tom Brown at Oxford," &c. 
Crown 8vo. %s. 6d. 

LUDLOW.— BRITISH 

INDIA ; its Races, and its His- 
toiy, down to 1857. By JOHN 
MALCOLM LUDLOW, Bar- 
rister-at-Law. 2 vols. 9^. 



LUDLOW. — POPULAR 

EPICS OF THE MIDDLE 
AGES, OF THE NORSE- 
GERMAN AND CARLOVIN- 
GIAN CYCLES. By JOHN 
MALCOLM LUDLOW. 2 vols, 
fcap. 8vo. cloth, 14J. 

LUSH INGTON.— THE 

ITALIAN WAR 1848-g, and 
the Last Italian Poet. By the 
late HENRY LUSHINGTON. 
With a Biographical Preface by 
G. S. Venables. Crown 8vo. 
6s. 6d. 

LYTTELTO N.— T H E 

COMUS OF MILTON rendered 
into Greek Verse. By LORD 
LYTTELTON. Extra fcap. 8vo. 
Second Edition, ^s. 

MACKENZI E.— T H E 

CHRISTIAN CLERGY of the 
FIRST TEN CENTURIES, 
and their Influence on European 
Civilization. By HENRY MAC- 
KENZIE, B. A. Scholar of Trinity 
College, Cambridge. Crown Svo. 
6^. 6d. 

MACLAREN.— SERMONS 

PREACHED AT MANCHES- 
TER. By ALEXANDER MAC- 
LAREN. Second Edition, Fcp. 
Svo. 4f. 6d. A second Series in 
the Press. 

MACLEAR.— A HISTORY 

OF CHRISTIAN MISSIONS 
DURING THE MIDDLE 
AGES. By G. F. MACLEAR, 
M.A. Crown 8vo. icw 6d. 

MACLEAR. —THE WIT- 
NESS OF THE EUCHARIST; 
or, The Institution and Early 
Celebration of the Lord's Supper, 
considered as an Evidence of the 
Historical Truth of the Gospel 
Narrative and of the Atonement. 
Crown 8vo. 4f. (>d. 
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MACLEAR. — A CLASS- 
BOOK OF OLD TESTA- 
MENT HISTORY. By the 
Rev. G. F. MACLEAR, M.A. 
With Four Maps. Second Edi- 
tion, i8mo. cloth, 4^. (>d. 

MACLEAR. — A CLASS- 
BOOK OF NEW TESTA- 
MENT HISTORY, including 
the connexion of the Old and 
New Testament. 

MACMILL AN. —FOOT- 
NOTES FROM THE PAGE 
OF NATURE. By the Rev. 
HUGH MACMILLAN, 
F. R. S . E. With numerous Illus- 
trations. Fcap. 8vo. l)S. 

MACMILLAN'S MAGA- 
ZINE. Published Monthly, price 
One Shilling. Volumes I. — XII. 
are now ready, 7^. dd, each. 

McCOSH.— The METHOD 

of the DIVINE GOVERN- 
MENT, Physical and Moral. 
By JAMES McCOSH, LL.D. 
Eighth Edition, 8vo. I or. dd. 

McCOSH.— THE SUPER- 
NATURAL IN RELATION 
TO THE NATURAL. By 
JAMES McCOSH, LL.D. 
Crown 8vo. yj. dd, 

McCOSH.— THE INTUI- 
TIONS OF THE MIND. By 
JAMES McCOSH, LL.D. A 
New Edition. 8vo. cloth, \os. 6d. 

McCOSH. — A DEFENCE 

OF FUNDAMENTAL 
TRUTH, BEING A REVIEW 
OF THE PHILOSOPHY OF 
MR. STUART MILL. By 
JAMES McCOSH, LL.D. Cr. 
8vo. [In the press. 



McCOY.— C O N T R I B U- 

TXpNS TO BRITISH PALiE- 
ONTOLOGY; or. First Descrip- 
tions of several hundred Fossil 
Radiata, Articulata, MoUusca, and 
Pisces, from the Tertiary, Creta- 
ceous, Oolitic, and Palaeozoic 
Strata of Great Britain. With 
numerous Woodcuts. By FRED. 
McCOY, F.G.S. Professor of 
Natural History in the University 
of Melbourne. Svo. Qj. 

MANSFIELD. — PARA- 
GUAY, BRAZIL, AND THE 
PLATE. With a Map, and nume- 
rous Woodcuts. By CHARLES 
MANSFIELD, M.A. With a 
Sketch of his Life. By the 
Rev. CHARLES KINGSLEY. 
Crown Svo. 12s. 6d, 

MANSFIEL D. — A 

THEORY OF SALTS. A 
Treatise on the Constitution of 
Bipolar (two membered) Chemi- 
cal Compounds. By the late 
CHARLES BLANCHFORD 
MANSFIELD. Crown Svo. 
cloth, price 14^. 

MARRIED BENEATH 

HIM. By the Author of *' Lost 
Sir Massingberd." 3 vols, crown 
Svo. cloth, l/. lis. (yd, 

MARRINER. — SERMONS 

PREACHED at LYME REGIS. 
By E. T. MARRINER, Curate. 
Fcap. Svo. 4J. (id. 

MARSTON.— A LADY IN 

HER OWN RIGHT. By WEST- 
LAND MARSTON. Crown Svo. 

MARTIN.— THE STATES- 

MAN'S YEAR BOOK for 1866. 
A Statistical, Genealogical, and 
Historical Account of the Civilized 
World for the Year 1866. By 
FREDERICK MARTIN. Cr. 
Svo. lar. dd. 
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MARTIN. — STORIES OF 

BANKS AND BANKERS. By 
FREDERICK MARTIN. Fcp. 
8vo. cloth, 3^". 6d, 

MARTIN.— THE LIFE OF 

JOHN CLARE. By FREDE- 
RICK MARTIN. Crown 8vo. 
cloth, 7^. 6d, 

M A S S O N.— E S S A Y S, 

BIOGRAPHICAL and CRITI- 
CAL; chiefly on the English 
Poets. By DAVID MASSON, 
M.A. 8vo. I2s. 6d. 

MASSON.— BRITISH 

NOVELISTS AND THEIR 
STYLES ; being a Critical Sketch 
of the History of British Prose 
Fiction. By DAVID MASSON, 
M.A. Crown Svo. 'js. (yd, 

MASSON.— LIFE of JOHN 

MILXON, narrated in Connexion 
with the Political, Ecclesiastical, 
and Literary History of his Time. 
Vol. I. with Portraits. i%s. 

M A S S O N.— R E C E N T 

BRITISH PHILOSOPHY. A 
Review, vith Criticisms. By 
DAVID MASSON. Crown Svo. 
cloth, 7j. (id, 

MAURICE.— WORKS BY 

THE REV. FREDERICK 
DENISON MAURICE, M.A. 

THE CLAIMS OF THE BIBLE 
AND OF SCIENCE; a Corre- 
spondence on some questions re- 
specting the Pentateuch. Crown 
Svo. 4r. (>d, 

DIALOGUES on FAMILY WOR- 
SHIP. Crown Svo. ds, 

EXPOSITORY DISCOURSES 
on the Holy Scriptures : — 



THE PATRIARCHS and LAW- 
GIVERS of the OLD TESTA- 
MENT. Second Edition, Crown 
Svo. 6j-. 

This volume contains Discourses oh 
the Pentateuch, Joshua, Judges, 
and the beginning of the First 
Book of Samuel. 

THE PROPHETS and KINGS of 
the OLD TESTAMENT. Second 
Edition, Crown Svo. lar. 6^. 

This volume contains Discourses on 
Samuel I. and II., Kings Land II. 
Amos, Joel, Hosea, Isaiah, Micah, 
Nahum, Habakkuk, Jeremiah, and 
Ezekiel. 

THE GOSPEL OF THE KING- 
DOM OF GOD. A Series of 
Lectures on the Gospel of St. 
Luke. Crown Svo. 9^. 

THE GOSPEL OF ST. JOHN ; 
a Series of Discourses. Second 
Edition. Crown Svo. \os. 6d, 

THE EPISTLES OF ST. JOHN ; 
a Series of Lectures on Christian 
Ethics. Crown Svo. yj*. (>d. 

EXPOSITORY SERMONS ON 
THE PRAYER-BOOK :■— 

THE ORDINARY SERVICES. 
Second Edition. Fcap. Svo. ^s. 6d, 

THE CHURCH A FAMILY. 
Twelve Sermons on the Occa- 
sional Services. Fcap. Svo. ^r. 6d, 

LECTURES ON THE APO- 
CALYPSE, or. Book of the 
Revelation of St John the Divine, 
Crown Svo. lor. (>d. 

WHAT IS REVELATION? A 
Series of Sermons on the Epiphany, 
to which are added Letters to a 

* Theological Student on the Bamp> 
ton Lectures of Mr. Mansel. 
Crown Svo. los, 6d, 
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SEQUEL TO THE INQUIRY, 
'* WHAT IS REVELATION?" 
Letters in Reply to Mr. Mansel's 
Examination of ** Strictures on 
the Bampton Lectures. " Crown 
8vo. 6j. 

LECTURES ON ECCLESIAS- 
TICAL HISTORY. 8vo. lox. 6^. 

THEOLOGICAL ESSAYS. 
Second Edition. Crown 8yo. 
lox. ()d. 

THE DOCTRINE OF SACRI- 
FICE DEDUCED FROM THE 
SCRIPTURES. Cr. 8vo. 7j. 6^. 

THE RELIGIONS OF THE 
WORLD, and their Relations to 
Christianity. Fourth Edition. 
Fcap. 8vo. ^s. 

ON THE LORD'S PRAYER. 
Fourth Edition. Fcap. 8vo. 
2s. 6d. 

ON THE SABBATH DAY ; the 
Character of the Warrior; and 
on the Interpretation of History. 
Fcap. 8vo. 2s. 6d. 

LEARNING AND WORKING. 
— Six Lectures on the Foundation 
of Colleges for Working Men. 
Crown 8vo. 5^. 

THE INDIAN CRISIS. Five 
Sermons. Crown 8vo. 2s. 6d. 

LAW'S REMARKS ON THE 
FABLE OF THE BEES. With 
an Introduction by F. D. MAU- 
RICE, M.A. Fcap. 8vo. 4r. 6d. 

MAYOR.— AUTOBIOGRA- 
PHY OF MATTHEW ROBIN- 
SON. ByJOHN E. B. MA YOR, 
M.A. Fcp. Svo. 5 J. 6d. 

MAYOR. — EARLY STA- 
TUTES of ST. JOHN'S COL- 
LEGE, CAMBRIDGE. With 
Notes. Royal Svo. i8x. 

MELIBGEUS IN LONDON. 

By JAMES PA YN, M.A. Fcap. 
Svo. 2s. 6d, 



MERIVALE. — SALLUST 

FOR SCHOOLS. By C. MERI- 
VALE, B. D. Second Edition. 
Fcap. 8vo. 4^. 6d. 
%* The Jugurtha and the Catalina 
may be had separately, price 
2s. 6d. each. 

MERIVALE.— KEATS' 

HYPERION Rendered into Latin 
Verse. By C. MERIVALE, B.D. 
Second Edition. Extra fcap. Svo. 
3^". 6d. 

MISS RUSSELL'S HOBBY. 
A Novel. 2 vols, crown Svo. 
cloth, 12S. 



MOOR COTTAGE.— A Tale 

of Home Life. By the Author 
of " LitUe Estella.^' Crown Svo. 
6^. 



MOORHOUSE. — SOME 

MODERN DIFFICULTIES 
respecting the FACTS of NA- 
TURE and REVELATION. 
By JAMES MOORHOUSE, 
M.A. Fcap. Svo: 2s. (>d. 

MORGAN.— A COLLEC- 
TION OF MATHEMATICAL 
PROBLEMS and EXAMPLES. 
By H. A. MORGAN, M.A. 
Crown Svo. 6s. 6d. 

MORSE.— WORKING FOR 

GOD, and other Practical Ser- 
mons. By FRANCIS MORSE, 
M.A. Second Edition. Fcap. Svo. 

MORTLOCK. — CHRISTI- 
ANITY AGREEABLE TO 
REASON. By the Rev. ED- 
MUND MORTLOCK, B.D. 
Second Edition. Fcap. Svo. 
3^. (>d. 
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NAVILLE. — THE HEA- 
VENLY FATHER. By ER- 
NEST NAVILLE, Correspond- 
ing Member of the Institute of 
France, and formerly Professor of 
Philosophy in the University of 
Geneva. Translated by HENRY 
DOWNTON, M.A. Extra fcap. 
8vo. is. 6d. 

NOEL.— BEHIND THE 

VEIL, and other Poems. By the 
Hon. RODEN NOEL. Fcap. 
8vo. yj-. 
NORTHERN CIRCUIT. 

Brief Notes of Travel in Sweden, 
Finland, and Russia. With a 
Frontispiece. Crown Svo. 5^. 

NORTON.— THE LADY of 

LA GARAYE. By the Hon. 
Mrs. NORTON. With Vignette 
and Frontispiece. jVew Edit. 4^. 6d, 

O'BRIEN.— An ATTEMPT 

to EXPLAIN and ESTABLISH 
the DOCTRINE of JUSTIFI- 
CATION BY FAITH ONLY. 
By JAMES THOS. O'BRIEN, 
D.D. Bishop of Ossory. Third 
Edition. Svo. 12s. 

O'BRIEN.— CHARGE deli- 
vered at the Visitation in 1863. 
Second Edition. Svo. 2s. 

O LI PH ANT.— AGNES 
HOPETOUN'S SCHOOLS 
AND HOLIDAYS. By MRS. 
OLIPHANT. Royal i6mo. cloth, 
gilt leaves. 3^. 6d. 

OLIVER. — LESSONS IN 

ELEMENTARY BOTANY. 
With nearly 200 Illustrations. 
By DANIEL OLIVER, F.R.S. 
F.L.S. iSmo. 4J. 6d. 

OPPEN.— FRENC H 

READER, for the Use of Col- 
leges and Schools. By EDWARD 
A. OPPEN. Fcap. 8yo. cloth, 
4-, dd. 



ORWELL.— The BISHOPS 

WALK AND THE BISHOFS 
TIMES. Poems on the Days of 
Archbishop Leighton and the 
Scottish Covenant. By ORWELL. 
Fcap. Svo. 5^. 

OUR YEAR. — A Child's 

Book, in Prose and Verse. By 
the Author of ** John Halifax, 
Gentleman." Illustrated by 
Clarence Dobell. Roysd 
i6mo. cloth, 3J'. 6d. 

PALGRAVE.— HISTORY 

OF NORMANDY AND OF 
ENGLAND. By Sir FRANCIS 
PALGRAVE. Completing the 
History to the Death of William 
Rufus. Vols. I. to IV. 8yo. 
each 2 1 J. 

PALGRAVE.— A NARRA- 
TIVE OF A YEAR'S JOUR- 
NEY THROUGH CENTRAL 
AND EASTERN ARABIA, 
1862-3. By WILLIAM GIF- 
FARD PALGRAVE Gate of the 
Eighth Regiment Bombay N. I.). 
Third Edition. 2 vols. 8yo. 
cloth. 38^. 

PALGRAVE.— ESSAYS ON 

ART. By FRANCIS TUR- 
NER PALGRAVE, M.A. late 
Fellow of Exeter College.. Oxford. 
Mulready — Dyce — Holman Hunt 
— Herbert — Poetry, Prose, and 
Sensationalism in Art — Sculpture 
in England — The Albert Cross, 
&c. Extra fcap. Svo. (Uniform 
with "Arnold's Essays.") 

PALGRAVE. — SONNETS 

AND SONGS. By WILLIAM 
SHAKESPEARE. Gem Em- 
. TION. Edited by F. T PAL- 
GRAVE, M.A. With Vignette 
Title by Jeens, 3J". (>d. 
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PALMER.— THE BOOK of 

PRAISE : from the Best English 
Hymn Writers. Selected and 
arranged by ROUNDELL PAL- 
MER. With Vignette by WOOL- 
NER. Pott 8vo. 4J". 6^/. Large 
Type Edition^ demy 8vo. lOr. dd. ; 
morocco, 28^. 

PARKINSON.— A TREA- 
TISE ON ELEMENTARY 
MECHANICS. For the Use of 
the Junior Classes at the Univer- 
sity and the Higher Classes in 
Schools. With a Collection of 
Examples. By S. PARKIN- 
SON, B.D. Third Edition, re- 
vised. Crown 8vo. gj. (id, 

PARKINSON.— A TREA- 
TISE ON OPTICS. By S. 
PARKINSON, B.D. Crown 
8vo. I or. dd. 

PATERSON. — TREATISE 

ON THE FISHERY LAWS 
of the UNITED KINGDOM, 
including the Laws of Angling. 
By JAMES PATERSON, M.A. 
Crown 8vo. lOj. 

PATMORE.— The ANGEL 

IN THE HOUSE. Book I. 
The Betrothal.— Book II. The 
Espousals. — Book III. Faithful 
for Ever. With Tamerton Church 
Tower. By COVENTRY PAT- 
MORE. 2 vols. fcap. 8vo. I2J. 
%* A New and Cheap Edition, in 
I voL i8mo. beautifully printed 
on toned paper, price 2J". 6d. 

PATMORE. — THE VIC- 
TORIES OF LOVE. Fcap. 
8vo. 4^. dd, 

PAULL — PICTURES OF 

OLD ENGLAND. By Dr. 
REINHOLD PAULI. Trans- 
lated by E. C. OTTE. Crown 
8vo. 8j. (id. 



PEEL.— JUDAS MACCA- 

BiEUS. An Heroic Poem. By 
EDMUND PEEL. Fcap. 8vo. 
yj. dd. 

PHEAR.— ELEMENTARY 

HYDROSTATICS. By J. B. 
PHEAR, M. A. Third Edition. 
Crown 8vo. <^5. 6d. 

PHILLIMORK-PRIVATE 

LAW among the ROMANS. 
From the Pandects. By JOHN 
GEORGE PHILLIMORE,Q.C. 
8vo. 16^". 

PHILLIPS.— LIFE on the 

EARTH : its Origin and Succes- 
sion. By JOHN PHILLIPS, 
M. A. LL. D. F. R. S. With Illus- 
trations. Crown 8vo. 6s. 6d. 

PHILOLOGY.— The JOUR- 
NAL OF SACRED AND 
CLASSICAL PHILOLOGY. 
Four vols. 8vo. 12s. 6d. each. 

PLATO.— The REPUBLIC 

OF PLATO. Translated into 
English, with Notes. By Two 
FeUows of Trinity College, Cam- 
bridge (J. LI. Davies, M.A. and 
D. J. Vaughan,M.A.). With Vig- 
nette Portraits of Plato and So- 
crates engraved by Jeens from an 
Antique Gem. (Golden Treasury 
Series). New Edition ^ i8mo.4r.6^. 

PLATONIC DIALOGUES. 

The. For English Readers. By 
W. WHEWELL, D.D. F.R.S. 
Master of Trinity College, Cam- 
bridge. Vol. I. Second Edition, 
containing The Socratic Dialogues, 
fcap. 8vo. yj. (id. Vol. II. con- 
taining The Anti-Sophist Dia- 
logues, ds. dd. Vol. III. con- 
taining The Republic, ^s. dd. 

PLEA for a NEW ENGLISH 
VERSION of THE SCRIP- 
TURES. By a Licentiate of the 
Church of Scotland. 8vo. ds. 
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POTTER.— A VOICE from 

the CHURCH in AUSTRA- 
LIA : Sermons preached in Mel- 
bourne. By the Rev. ROBERT 
POTTER, M.A. Extra fcap. 
8vo. 4f. 6^. 

PRATT.— TREATISE ON 

ATTRACTIONS, La Place's 
FUNCTIONS, andtheFIGURE 
of the EARTH. By J. H. 
PRATT, M.A. Second Edition, 
Crown 8vo. 6^. dd, 

PROCTER.— A HISTORY 

of the BOOK OF COMMON 
PRAYER : with a Rationale of 
its Offices. By FRANCIS 
PROCTER, M.A. Fifth Edi- 
tion^ revised and enlarged. Cr. 
8vo. loj". dd. 

PROCTER.— An ELEMEN- 
TARY HISTORY of the BOOK 
of COMMON PRAYER. By 
FRANCIS PROCTER, M.A. 
iSmo. 25. 6d. 

PROPERTY and INCOME. 
—GUIDE to the UNPROTEC- 
TED in Matters relating to Pro- 
perty and Income. Second Edi- 
tion. Crown Svo. 3 J". 6d, 

PUCKLE.— AN ELEMEN- 
TARY TREATISE on CONIC 
SECTIONS and ALGEBRAIC 
GEOMETRY, especially designed 
for the Use of Schools and 
Beginners. By G. HALE 
PUCKLE, M.A. Second Edi- 
tion. Crown Svo. ^s. 6d. 

RAMSAY. — THE CATE- 

CHISER'S MANUAL; or, the 
Church Catechism illustrated and 
explained, for the Use of Clergy- 
men, Schoolmasters, and Teach- 
ers. By ARTHUR RAMSAY, 
M.A. Second Edition, iSmo. 
is, 6d. 



RAWLINSON— ELEMEN- 
TARY STATICS. By G. 
RAWLINSON, M.A. Edited 
by EDWARD STURGES,M.A. 
Crown Svo. 4s, 6d, 

RAYS of SUNLIGHT for 

DARK DAYS. A Book of 
Selections for the Suffering. With 
a Preface by C. J. VAUGHAN, 
D.D. i8mo. New Edition, 
2fS, 6d. ; morocco, old style, 9^. 

REYNOLDS.— A SYSTEM 
OF MEDICINE. To be com- 
pleted in Three Volumes, Svo, 
Edited by J. RUSSELL REY- 
NOLDS, M.D. F.R.C.P. Lon- 
don. The First Volume will con- 
tain : -- PART I. — General 
Diseases, or Affections of the 
Whole System. § I. — Those de- 
termined by agents operating from 
without, such as the exanthemata, 
malarial diseases, and their allies. 
§ II. — Those determined by con- 
ditions existing within the body, 
such as Gout, Rheumatism, Rick- 
ets, &c. PART II.— Local 
Diseases, or Affections of Par- 
ticular Systems. §1. — Diseases 
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of the TELEGRAPH. Fcap. 
8vo. \s, 

WILSON—PREHISTORIC 

ANNALS of SCOTLAND. By 
DANIEL WILSON, LL.D. 
Author of ** Prehistoric Man," 
&c. 2 vols, demy 8vo. New 
Edition. With numerous Illus- 
trations. 36^. 

WILSON.-PREHISTORIC 

MAN. By DANIEL WILSON, 
LL.D. New Edition. Revised 
and partly re-written, with nume- 
rous Illustrations. I vol. 8vo. 

21S. 

WILSON.— A TREATISE 

ON DYNAMICS. By W. P. 
WILSON, M.A. 8vo. 9s. 6d, 

WILTON.— THE NEGEB; 

or, "South Country" of Scrip- 
ture. By the Rev. E. WILTON, 
M. A. Crown 8vo. 'js. 6d. 

WOLFE.— ONE HUN- 
DRED AND FIFTY ORIGI- 
NAL PSALM AND HYMN 
TUNES. For Four Voices. By 
ARTHUR WOLFE, M. A. 
icxr. 6d. 

WOLFE. — HYMNS FOR 

PUBLIC WORSHIP. Selected 
and arranged by ARTHUR 
WOLFE, M.A. i8mo. 2x. Com- 
mon Paper Edition, is. or twenty- 
five for i/. 

WOLFE. — HYMNS FOR 

PRIVATE USE.— Selected and 
arrangedby ARTHUR WOLFE, 
M.A. i8mo. 2s. 



WOODFORD.— CHRIS- 
TIAN SANCTITY. By JAMES 
RUSSELL WOODFORD, M.A. 
Fcap. 8vo. cloth. 3j". 

WOODWARD. — ESSAYS, 

THOUGHTS and REFLEC- 
TIONS, and LETTERS. By 
the Rev. HENRY WOOD- 
WARD. Edited by his Son. 
Fifth Edition. 8vo. cloth, icxf. 6d. 

W O O D W A R D.— T H E 

SHUNAMITE. By the Rev. 
HENRY WOODWARD, M.A. 
Edited by his Son,. Thomas 
Woodward, M.A. Dean of 
Down. Second Edition, Crown 
8vo. cloth. loj". 6d. 

WOOLLEY. — LECTURES 

DELIVERED IN AUSTRA- 
LIA. By JOHN WOOLLEY, 
D.C.L. Crown 8vo. 8j. 6d. 

WOOLNER. — MY BEAU- 
TIFUL LADY. By THOMAS 
WOOLNER. With a Vignette 
by Arthur Hughes. Third 
Edition, Fcap. 8vo. 5^. 

WORDS FROM THE 

POETS. Selected by the Editor 
of " Rays of Sunlight." i8mo. 
extra cloth gilt, 3J". ()d. 

WORSHIP (THE) OF GOD 

AND FELLOWSHIP AMONG 
MEN — Sermons on Public Wor- 
ship. By MAURICE and Others. 
Fcap. 8vo. cloth. 3^. 6d. 

WORSLEY. — CHRISTIAN 

DRIFT OF CAMBRIDGE 
WORK. Eight Lectures. By 
T. WORSLEY, D.D. Crown. 
8vo. cloth, 6^. 
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WRIGHT.— HELLENICA ; 

or, a History of Greece in Greek, 
as related by Diodorus and Thucy- 
dides, being a First Greek Reading 
Book, with Explanatory Notes, 
Critical and Historical. By J. 
WRIGHT, M.A. Second Edition, 

WITH A VOCABULARY. I2mO. 

3^. dd. 

WRIGHT. — A VOCABU- 
LARY AND EXERCISES ON 
THE "SEVEN KINGS OF 
ROME." Fcap. 8vo. 2s. dd. 

%* The Vocabulary and Exercises 
may also be had bound up with 
"The Seven Kings of Rome." 
5J. 



WRIGHT. —A HELP TO 

LATIN GRAMMAR; or, the 
Form and Use of Words in Latin. 
With Progressive Exercises. Cr. 
8vo. 4^". dd. 

WRIGHT. — THE SEVEN 

KINGS OF ROME: An Easy 
Narrative, abridged from the First 
Book of Livy by the omission of 
difficult passages, being a First 
Latin Reading Book, with Gram- 
matical Notes. Fcap. 8vo. 3^. 

WRIGHT.— DAVID, KING 

OF ISRAEL : Readings for the 
Young. By J. WRIGHT, M.A. 
With Six Illustrations. Royal 
i6mo. cloth, gilt. 3^. 6t/. 



WORKS BY THE AUTHOR OF 

"THE HEIR OF REDCLYFFE." 

THE PRINCE AND THE PAGE. A Book for the Young. 

A BOOK OF GOLDEN DEEDS. i8mo. 4J. 6^. 

HISTORY OF CHRISTIAN NAMES. Two Vols. Crown 8vo. i/. u. 

THE HEIR OF REDCLYFFE. Fifteenth Edition, Crown 8vo. 6j. 

DYNEVOR TERRACE. Third Edition, Crown 8vo. ds, 

THE DAISY CHAIN. Eighth Edition. Crown 8vo. ds. 



THE TRIAL ; More Links of the Daisy Chain. Third Edition, 
8vo. 6x. 

HEARTSEASE. Ninth Edition. Crown 8vo. 6x. 

HOPES AND FEARS. Third Edition, Crown 8 vo. dr. 

THE YOUNG STEPMOTHER. Crown 8vo. ds. 

THE LANCES OF LYNWOOD. i8mo. cloth, 3^. dd, 

THE LITTLE DUKE. New Edition. i8mo. cloth, 3^. dd, 

CLEVER WOMAN OF THE FAMILY. 2 vols. \2s. 



Crown 
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ELEMENTARY SCHOOL CLASS BOOKS. 

The Volumes of this Series of Elementary School Class Books are Jiandsomely 
printed in a form that, it is hofied, nvill assist the young student as much as clear- 
ness of type and distinctness of arrangement can effect. They are publis/ied at a 
moderate price to ensure an extensive jsale in the Schools of the United Kingdom 
atid the Colonies. 

1. EUCLID FOR COLLEGES AND SCHOOLS. 

By I. TODHUNTER, M.A. F.R.S. i8mo. 3J. 6</. 

2. ALGEBRA FOR BEGINNERS. 

By I. TODHUNTER, M.A. F.R.S. i8mo ^s. 6d. 

*^* A Key to this work will shortly be published. 

3. THE SCHOOL CLASS BOOK OF ARITHMETIC. 

By BARNARD SMITH, M.A. Parts I. and II. i8mo. limp cloth, price lo^i'. each. 
Part III. IS. or 3 parts in one Volume, price 3J. 

KEY TO CLASS BOOK OF ARITHMETIC. 
Complete, iSmo. cloth, price 6s. 6d. Or separately. Parts I. II. & III. 2s. 6d. each. 

4. AN ELEMENTARY LATIN GRAMMAR. 

By H. J. ROBY, M.A. i8mo. 2s. td. 

5. MYTHOLOGY FOR LATIN VERSIFICATION. 

A Brief Sketch of the Fables of the Ancients, prepared to be rendered into Latin 
Verse for Schools. By F. HODGSON, B.D. New Edition. Revised by F. C. 
HODGSON, M.A. Fellow of King's College, Cambridge. i8mo. 3^. 

6. A LATIN GRADUAL FOR BEGINNERS. 

A First Latin Construing Book. By EDWARD THRING, M.A. i8mo. 2s. 6d. 

7. SHAKESPEARE'S TEMPEST. 

The Text taken from "The Cambridge Shakespeare.'* With Glossarial and Explana- 
tory Notes. By the Rev. J. M. JEPHSON. i8mo. cloth, 3J. 6d. 

8. LESSONS IN ELEMENTARY BOTANY. 

The Part on Systematic Botany based upon Material left in Manuscript by the late 
Professor HENSLOW. With Nearly Two Hundred Illustrations. By DANIEL 
OLIVER, F.R.S. F.L.S. i8mo. cloth, 4J. 6d. 

9. AN ELEMENTARY HISTORY OF THE BOOK OF 

COMMON PRAYER. By FRANCIS PROCTER, M.A. i8mo. 2s. 6d. 

10. ALGEBRAICAL EXERCISES. 

Progressively arranged by Rev. C. A. JONES, M.A. and C. H. CHEYNE, M.A. 
Mathematical Masters in Westminster School. Pott 8vo. cloth, price 2s. 6d. 

11. THE BIBLE IN THE CHURCH. 

A Popular Account of the Collection and Reception of the Holy Scriptures in the 
Christian Churches. By BROOK FOSS WESTCOIT, M.A. i8mo. 4J. 6d. 

12. THE BIBLE WORD BOOK. 

A Glossary of Old English Bible Words. By J. EASTWOOD, M.A. and W. ALDIS 
WRIGHT, M.A. [Nearly ready. 

13. LESSONS IN ELEMENTARY PHYSIOLOGY. 

With numerous Illustrations. By T. H. HUXLEY, F.R.S. Professor of Natural 
History in the Government School of Mines. [Nearly ready, in i8mo. 

14. POPULAR ASTRONOMY. 

A Series of Lectures delivered at Ipswich. By GEORGE BIDDELL AIRY, 
Astronomer Royal. i8mo. cloth. [/// t/ie press. 

15. LESSONS ON ELEMENTARY CHEMISTRY. 

By HENRY ROSCOE, F.R S. Professor of Chemistry in Owen's College, Man- 
chester. With numerous Illustrations. 

MACMILLAN AND CO. LONDON. 



MAGMILLAN & GO/S SIX SHILLING SERIES OF 

POPULAR WORKS. 

Uniformly printed and bound, crown 8vo. cloth, price 6s, each. 

CAAVNPORE. By G. O. Trevelyan, M.P. 

COMPETITION WALLAH. By G. O. Trevelyan, M.P. 

WESTWARD HO ! By Chas. Kingsley. 

HYPATIA. By Chas. Kingsley. 

TWO YEARS AGO. By Chas. Kingsley. 

ARTIST AND CRAFTSMAN. 

A LADY IN HER OWN RIGHT. By Westland Marston. 

THE MOOR COTTAGE. By May Beverley. 

THE HEIR OF REDCLYFFE. 

DYNEVOR TERRACE. By the Author of "The Heir of 
Redclyffe." 

HEARTSEASE. By the Author of " The Heir of Redclyffe." 
HOPES AND FEARS. By the Author of " The Heir of 

Redclyffe." 

THE YOUNG STEPMOTHER. By the Author of " The 

Heir of Redclyffe." 

JANETS HOME. 

THE DAISY CHAIN. By the Author of "The Heir of 
Redclyffe." 

THE TRIAL : More Links in the Daisy Chain. By the 

Author of "The Heir of Redclyffe." 

TOM BROWN AT OXFORD. By the Author of " Tom 

Brown's School Days." 

GEOFFRY HAMLYN. By Henry Kingsley. 
RAVENSHOE. By Henry Kingsley. 
AUSTIN ELLIOT. By Henry Kingsley. 

MACMILLAN AND CO. LONDON. 
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